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Reliability of TRC structures under bending load 

Application of probabilistic methods to analyze selected TRC structures regarding the required 
safety level according to Eurocode 0 

 

Slim and lightweight constructions are becoming more important in 
the building industry due to architectural quality and economic rea-
sons. Textile-Reinforced-Concrete (TRC) satisfies these demands 
to a vast extent and represents an excellent supplement for con-
ventional constructions with structural concrete. At present, TRC is 
not standardized. Currently, there are no regulations available that 
suggest calculation approaches for the ‘safe’ dimensioning of 
structures. In this paper, probabilistic investigations are carried out 
using various methods of reliability theory as well as the safety 
level of selected structures is determined. The investigations are 
intended to show that, despite the lack of existing regulations, 
structures made of textile concrete can already be realized suffi-
ciently, safely and economically. 

1 Introduction 

Textile-reinforced concrete is an innovative composite mate-

rial. The use of high-tensile, non-metallic reinforcement and 

high-strength concrete allows the realization of slim, archi-

tecturally sophisticated load-bearing structures. Flat, impreg-

nated textile structures as well as fiber reinforced polymer 

bars are used for non-metallic reinforcement. 

In the construction industry, carbon and alkali-resistant glass 

fibers (AR-glass) in particular have proven themselves due to 

their high tensile strength and durability. 

Establishing new innovative building materials in practice 

and using them economically right from the start is a major 

challenge in the construction industry. Due to missing nor-

mative regulations, cost-intensive approvals are required in 

individual cases. Due to a lack of experience, textile rein-

forced concrete structures are often overdimensioned. More-

over, the level of safety is always unknown. This does not 

really increase trust in the material. These aspects often put 

the advantages of the new material into perspective. 

Besides successfully implemented projects (e. g. [1] [2] [3]), 

the solution consists above all in making practical calculation 

rules in the form of standards or guidelines available to the 

applying engineer. To achieve this overarching goal, reliable 

calculation models must be developed in the first step so that 

the load-bearing capacity of a component can be accurately 

predicted. Subsequently, these calculation models are then to 

be converted into design models by means of probabilistic 

methods so that the required safety level is maintained. 

2 Reliability and operational probability of failure 

2.1 Reliability in construction 

The public unconsciously expects buildings to be ‘safe’ and 

‘reliable’. In the absolute sense, safety is the absence of dan-

ger to life and limb. Reliability is the ability to perform a 

foreseen function with sufficient probability for the duration 

of use. Since no measure can completely prevent damage, the 

expression ‘sufficiently small probability of failure’ is far 

more appropriate in this context than ‘safety’. [4] [5] 

The basic idea of a design in the building industry is the so-

lution of the inequality E ≤ R. The resistance R may become 

smaller than the action effect E only with very low probabil-

ity. ‘Safe’ states (E ≤ R) are indicated by the probability of 

failure Pf. An equivalent measure to describe reliability is the 

reliability index β according to Eurocode 0 [6]. According to 

[6], the following relationship exists: 

𝑃𝑓 = Φ(−𝛽)  (2-1) 

Φ corresponds to the cumulative distribution function for the 

standardized normal distribution. It should be noted that both 

the failure probability Pf and the reliability index β represent 

operational values. They are a measure of the operational 

failure probability and do not correspond to the real failure 

rate. In the end, only the stochastic nature of so-called basic 

variables is considered. Uncertainties due to human errors are 

excluded from safety concepts by quality assurance 

measures. According to VOIGT [7], the operational value is 

ten times less than the real failure rate. Nevertheless, it is of 

high importance for construction guidelines and allows reli-

ability levels to be compared under certain conditions. 

The current EC 0 specifies the target value of the reliability. 

The target reliability index β for buildings with average fail-

ure sequences (class RC 2) is 3.8 with a reference period of 

50 years. The failure probability is thus limited to less than 

10-4. 

The safety concept anchored in the Eurocode is based on ver-

ification with partial safety factors. Due to the specification 

of these factors, the target value of reliability is to be main-

tained. Regarding new materials, it is advisable to derive and 

determine their partial safety factor based on probabilistic 
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methods. An overly conservative definition of partial safety 

factors makes new building materials unattractive, for exam-

ple, because increased material consumption increases mate-

rial costs. 

For the partial safety factor of a design equation, a specific 

value is proposed in common sets of rules (e.g. γc = 1.5). This 

imparts the impression that this coefficient is independent of 

any parameters and that the required safety level for each 

cross-section is always maintained to the same extent. How-

ever, this assumption does not apply. For example, an inac-

curacy in the position of the reinforcement of a few millime-

ters has a far greater effect on the bending load-bearing 

capacity of a thin facade panel than on a high tee beam. In 

practice, it is not desirable to set an optimized partial safety 

factor for each parameter combination. Based on probabilis-

tic investigations and extensive parameter studies, one partial 

safety factor should be proposed. Further reductions may be 

needed for particularly important influencing parameters in 

special applications. 

2.2 Determining the probability of operational failure 

The probability of failure of a structure is influenced by many 

scattering parameters, on the load and resistance side. In the 

simplified two-dimensional case, two one-dimensional, sto-

chastically independent variables are considered, to which 

any unlimited distribution function is assigned (see Fig. 1). 

 

Fig. 1 Probability density functions of resistance R and action effect E 

When introducing the state function g(R, E) = Z = R - E, val-

ues Z < 0 describe failure states, Z ≥ 0 the survival range and 

Z = 0 defines the limit state. Since Z is a function of the ran-

dom variables R and E, Z is also a random variable to which 

the distribution function fz is assigned (see Fig. 2). 

 

Fig. 2 Probability density function of random variable Z 

The probability of failure Pf is determined by the integral fz 

within the limits -∞ to zero and thus corresponds to the area 

under the density function fz for the range where Z is negative 

(see Fig. 2). The volume above the failure range can be cal-

culated as follows: 

𝑃𝑓 = ∫ ∫ 𝑓𝑆(𝑠)

+∞

𝑟

𝑓𝑅(𝑟)

+∞

−∞

 𝑑𝑠 𝑑𝑟 (2-2) 

In general, the probability of failure depends on more than 

two random variables. The result is an n-dimensional density 

function fX(x) with a hypervolume of one. The limit state 

function g(x) corresponds to an (n-1)-dimensional hyper-

plane which divides the original space into a failure and a 

survival area. The general objective of reliability theory is to 

calculate the (hyper-) volume of the failure range. Mathemat-

ically, a convolution integral must be calculated: 

𝑃𝑓 = ∫ 𝑓𝑿(𝒙)

𝑓

 𝑑𝒙 (2-3) 

3 Probabilistic calculation methods 

3.1 General information 

The research on reliability of structures began in the 1940s 

with the work of FREUDENTHAL [8], among others. The cal-

culation methods differ greatly in terms of applicability and 

the simplifications made. Only in special cases can the prob-

ability of failure be determined by directly solving the con-

volution integral (eq. (2-3)), i.e. by analytical or numerical 

integration. Direct solving is only possible with a few basic 

variables, an uncomplicated compound density function and 

a simple limit state equation. In the building industry, these 

requirements are generally not fulfilled, so that other meth-

ods such as the First Order Reliability Method (FORM), Sec-

ond Order Reliability Method (SORM), Monte Carlo Method 

(MCM) or Monte Carlo with Importance Sampling must be 

used. In this work, the safety level of the components under 

consideration was determined by means of FORM and 

MCM. 

3.2 First Order Reliability Method 

In FORM, the first two moments of the distribution function 

and the distribution type of each basic variable are taken into 

account. Any distributed variable is transformed into the 

standard normal space. If the limit state equation is non-lin-

ear, it becomes linearized at the design point by using a Tay-

lor series expansion. Because of this approximation, it is as-

sumed that g(x) is continuous at the design point and can be 

differentiated at least once. 

The design point is determined iteratively and corresponds to 
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the point on the limit state equation with the highest proba-

bility of failure. The distance between the coordinate origin 

and the design point corresponds to the reliability index β 

(see Fig. 3). [9] [10] 

 

Fig. 3 Linearization of the limit state function at the design point in the standard nor-
mal space 

The general procedure is explained in detail by SPAETHE [9] 

and RACKWITZ [4]. 

The difference between FORM and SORM is that in SORM 

a non-linear limit state function is approximated by a second 

order hyper-plane at the design point. The aim is to increase 

the accuracy of the result with strongly curved limit state 

functions. In the construction industry, FORM often delivers 

sufficiently accurate results. [11] 

3.3 Monte Carlo Method 

With the Monte-Carlo Method, pseudo-random numbers are 

generated and inserted into the state function. Geometrically, 

one point in the original space is randomly generated during 

each simulation run. It is checked whether the randomly gen-

erated point is in the failure or survival range, i.e. whether 

Z < 0 applies. With a sufficiently large number of simula-

tions, the quotient of the number of failure cases and simula-

tions approximately corresponds to the failure probability. 

According to RACKWITZ, the number of simulations must be 

much greater than the inverse of the failure probability, i.e. 

the following is required [4]: 

𝑁 ≫ 
1

𝑃𝑓

 
(3-1) 

As the permissible probability of failure is close to zero, 

many simulations are required. The calculation effort is cor-

respondingly high. 

The advantage of the MCM is that the real distribution func-

tions of the random variables are considered. There is no ap-

proximation, hence the method is one of the precise proce-

dures. Besides the high accuracy, another essential advantage 

is that the limit state equation g(x) can take any desired shape. 

It can therefore also be implicit and not differentiable. It is 

only important that g(x) is defined for each set of random re-

alization. [12] 

4 Safety level of selected structures 

4.1 General 

To identify existing reserves in structures, the actual design 

values, which are determined with probabilistic calculation 

methods and just meet the required safety level, are compared 

with the reduced bending load capacities used in the design. 

Finally, the aim is to show what extent load-bearing struc-

tures can be optimized or which load increases would be pos-

sible. 

The basic prerequisite for any reliability analysis is the exist-

ence of an engineering model and meaningful statistical in-

formation on the parameters contained in the model. 

4.2 Calculation model 

In the general case, calculations of the bending load-bearing 

capacity of textile-reinforced components can be carried out 

using the component design known from steel reinforced 

concrete (see Fig. 4). The strain plane is varied until a balance 

of internal forces is established. Either the textile or concrete 

strain reaches its limit. The other component is varied until a 

balance of internal forces is established. The strain of the var-

ied component must not exceed its breaking strain. Other-

wise, the other case shall prevail. More information on the 

model can be found in [13]. 

 

Fig. 4 Idealized strain and stress distribution and internal forces of a textile concrete 
component under pure bending stress 

As displayed in Fig. 4 and Fig. 5, a linear course is used for 

the stress-strain line of the concrete and the textile. 

 

Fig. 5 Stress-strain line of textile reinforcement  
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4.3 Presentation of the investigated structures 

Modular pedestrian bridge 

The investigated pedestrian bridge in Albstadt-Ebingen (Ger-

many) is the world's first pedestrian bridge without any steel 

reinforcement. Its cross-section is designed as a trough shape. 

The web height decreases towards the supports (see Fig. 6). 

The dimensions of the bridge are listed in Table 1. 

 

Fig. 6 Longitudinal view of the modular pedestrian bridge 

Table 1 Dimensions of the bridge 

 Dimensions 

Clear length 15 m 
Length of the rising web height per side 6.2 m 
Maximum web height 117 cm 
Support – web height 55 cm 
Width 2.94 m 
Width per web 7 cm 
Slab thickness 9 cm 

In the webs and the slab, a double-layer carbon reinforcement 

was inserted. High-strength C70/85 concrete was used. The 

characteristic values of the materials are presented in Table 2. 

Table 2 Material properties and factors used for the design 

 Carbon Concrete 

Name Q-100-CEP-38 C70/80 
Design value of the 
breaking stress [MPa] 

1500 39.7 

Durability factor 1.0 0.85 
Partial safety factor 1.5 1.5 

The permanent load of the bridge consists of the dead weight 

and the railing. For the variable load cyclists and pedestrians, 

as well as a ten-ton heavy clearing vehicle are considered. 

However, the load case of the vehicle is not relevant. In the 

reliability analysis, the bridge is considered as a single span 

beam with a uniform surface load. 

Prefabricated garage 

Beton-Kemmler GmbH and solidian GmbH jointly devel-

oped a precast garage and have applied to the DIBt (German 

Institute for Building Technology) for general approval by 

the building authorities (see Fig. 7). Thanks to the use of tex-

tile-reinforced concrete, this innovative garage can be con-

sidered slender and therefore lighter than a comparable gar-

age made of reinforced concrete. The weight could be 

reduced from 16 to 11 tons. 

A flat AR-glass reinforcement was applied in the walls and 

ceiling. In the downstand beam GRP bar reinforcements were 

used. The concrete strength class was C40/50. The material 

properties used in the design are shown in Table 3. 

Table 3 Material properties and factors used for the design 

 AR-Glas Concrete 

Name Q-120-GEP-38 C40/50 
Design value of the 
breaking stress [MPa] 

497 22.7 

Durability factor 0.7 0.85 
Partial safety factor 1.5 1.5 

The garage is represented by flat structures by means of finite 

elements. The ground slab is made of reinforced concrete and 

is therefore not part of the probabilistic investigations. 

 

Fig. 7 View of the garage 

From experimental investigations it is known that the bend-

ing proof of the ceiling in the centre of the field is decisive. 

The load combination of dead weight and snow is relevant. 

4.4 Basis variables and state function 

Each reliability analysis considers only those variables that 

are recorded in the model. The probabilistic studies are car-

ried out at an average level. The following state function was 

examined: 

𝑀𝑅𝑚 ∙ 𝜃𝑅 − 𝑀𝐸𝑚 ∙ 𝜃𝐸 ≥ 0 (4-1) 

Here, 𝜃𝑅 and 𝜃𝐸 are the model uncertainties of the resistance 

and the impact side. The bending resistance results from 

component length, support conditions, cross-section geome-

try and material properties. The acting moment is calculated 

from the constant and variable load and the support condi-

tions and component lengths. 

To ensure accurate results of the reliability analysis, the var-

iables must be mapped realistically. In this work the used 

basic variables were partly assumed meaningfully or deter-

mined by material and component tests using descriptive and 

inductive statistics. For example, the density function of the 

material properties of the textile reinforcement and the con-

crete were determined based on a series of material tests [14]. 

Furthermore, the model uncertainty of the resistance side 
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was determined on component tests carried out at the Insti-

tute of Structural Concrete of the RWTH Aachen University. 

The model uncertainty of the influence side represents an as-

sumption. The basic variables used in these studies are listed 

in Table 4. 

4.5 Results of the reliability analysis 

The reliability indexes of the probabilistic studies are given 

in Table 5. The results of the FORM and MCM show good 

agreement. Both structures maintain the required safety level 

and even have low additional load-bearing capacity reserves. 

Table 5 Results of reliability analyses (reference period 50 years) 

 Bridge x = 3.2 m Garage 

target 3.83 3.83 

FORM 3.98 4.03 

MCM 4.11 3.97 
pf,target 6.5·10-5 6.5·10-5 
pf,FORM 3.5·10-5 2.84·10-5 
pf,MCM 1.97·10-5 2.34·10-5 

The reliability of the bridge is at 3.2 m from the support at its 

lowest, because the difference between the acting moment 

and the moment of resistance is the smallest here. Concrete 

failure is decisive for the bridge. The partial safety factor for 

the textile could theoretically be reduced to γt = 1.0. It is per-

missible to increase the span by 1.5 %. 

If the garage remains unchanged, the partial safety factor can 

be set to γt = 1.35 and the characteristic load can increase by 

5 %. To show the different influence of the variables on the 

reliability index β, the squared weighting factors of the vari-

ables (∑αi
2 = 1) are shown in Fig. 8 as an example for the 

garage. In this case, textile failure is decisive. As expected, 

the influence of the strength of the textile reinforcement is 

noticeable, that of the concrete is almost non-existent. 

 

 

Fig. 8 Squared weighting factors of the garage (calculated in FORM) 

5 Results and discussion 

By analysing the safety level of the load-bearing structures 

using probabilistic methods, it could be objectively proven 

that reliable load-bearing structures made of textile concrete 

can already be constructed today. Although no normative 

regulations were available, the components were designed in 

accordance with the currently required safety level according 

to EC 0 and were also very economical, as only small addi-

tional reserves could be identified. 
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Design optimisation of tunnel profiles and lining         
support based on probabilistic finite element analyses 
 

 

Abstract: The size and shape selection of a tunnel cross-section is 
based primarily on spaceproofing considerations. Decisive factors 
are among others the function of the tunnel, the kinematic enve-
lope with the associated margins including the various installa-
tions, surface and underground property restrictions and user 
comfort and safety criteria. Geotechnical conditions of the sur-
rounding ground and particularly the direction and magnitude of 
the stress field as well as the available excavation and construc-
tion methods and equipment may affect the way that the design is 
carried out among the industry. The above generic and indicative 
factors are part of a design optimisation procedure, which entails 
unavoidable compromises due to inherent counteractions. Never-
theless, the common engineering practice lacks the ability to pre-
cisely quantify the impacts of such dictated geometry selections on 
the robustness of the tunnel lining capacity given the uncertainty 
and the spatial variability of the geotechnical and concrete param-
eters along the tunnel alignment. The present paper investigates 
and quantifies the impact of such predefined geotechnical and 
structural parameters on the robustness of the tunnel lining capac-
ity using probabilistic non-linear finite element analyses. 

 

1 Introduction 

As the civil and infrastructure engineering discipline be-
comes increasingly resource-oriented and with computa-
tional tools evolving, reliability-based optimisation tools and 
methods allow for improved solutions in the design of struc-
tures. With tunnels being a typical linear structure, cross-sec-
tion optimisation is a crucial part of the design. The size and 
shape selection of a tunnel cross-section is based primarily 
on spaceproofing considerations. Decisive factors are among 
others the function of the tunnel, the kinematic envelope with 
the associated margins including the various installations, 
surface and underground property restrictions and user com-
fort and safety criteria. Geotechnical conditions of the sur-
rounding ground and particularly the direction and magni-
tude of the stress field as well as the available excavation and 
construction methods and equipment may affect the way that 
the design is carried out among the industry. The above ge-
neric and indicative factors are part of a shape optimisation 
procedure, which entails unavoidable compromises due to in-
herent counteractions. Nevertheless, the common engineer-
ing practice lacks the ability to precisely quantify the impacts 
of such dictated geometry selections on the robustness of the 
tunnel lining capacity given the uncertainty and the spatial 

variability of the geotechnical and concrete parameters along 
the tunnel alignment. 

The present paper investigates the impact of geotechnical and 
structural parameters on the robustness of the tunnel lining 
capacity, using probabilistic, 2D non-linear finite element 
(FE) analysis with the software Abaqus. Seven cross-sections 
of a mined tunnel are investigated, with equivalent area but 
varying dimensions and curvatures. Normal and lognormal 
distributions are assumed, and a Monte-Carlo simulation is 
used to generate a 1000-point sample of input parameters, 
which are then used as input to the FE models. The force dis-
tribution along the circumference of the tunnel and the lining 
capacity are assessed on the basis of a sensitivity/parametric 
analysis. The paper offers a better insight into the design and 
shape optimisation procedure with potential benefits in in-
creased structural reliability, as well as cost savings resulting 
from improved stress flow in the lining and reduced support 
requirements due to more informed selections in light of the 
specific geotechnical circumstances. 

2 Probabilistic FE modelling 

2.1 Cross section geometries 

Seven tunnel cross sections, all with a cross-sectional area of 
A ≈ 50.0 m2, have been selected for the present study (See 
Fig. 1). The first one simulates a circular tunnel and serves as 
the base case / control model, i.e. Section 0.  The rest com-
prise two sets -of three sections each- of widened 
(height/width < 1) and elongated (height/width > 1) caverns 
respectively. The curvatures along the perimeter of the cross 
sections vary respectively with the height/width aspect ratio. 
The sections of the first set will be referred to as Section 
Wide 1, 2, and 3 and the ones of the second set as Section 
Tall 1, 2, and 3. The overburden measured from the tunnel 
crown for all seven sections is 16 m. 

2.2 Soil – structure interaction models 

The numerical models elaborated in Abaqus implemented 
non-linear Mohr-Coulomb plasticity with a graded mesh of 
4-noded linear quadrilateral (CPE4R) and 3-noded linear tri-
angular (CPE3) continuum material elements and linear Ti-
moshenko-beam elements (B21) to model the ground and the 
concrete liners respectively. The probabilistic simulations 
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have used Python scripts and the respective Abaqus features, 
while the samples have been created through the statistical 
tools of Excell. The size of the mesh ranged from 1900 to 
2500 continuum elements depending on the complexity of 
the cross-sectional geometry. The concrete liner was mod-
elled with an elastic concrete material model, and it has a 
thickness of 300 mm, a Young‘s modulus mean value of 12.5 
GPa [1], and a Poisson’s ratio of v = 0.2. Soil stiffness be-
neath the tunnel is assigned a value of 3 x Eu to account for a 
stiffer response during unloading. The geological model and 
the range of parameters used have been selected based on an 
extensive survey of available geotechnical information in rel-
evant publications ([2], [3], [4]) and they are anticipated to 
be representative of a typical shallow, soft-soil tunnelling 
project in urban environments. An undrained total stress 
analysis was carried out using the soil self-weight and a lat-
eral earth pressure coefficient at rest, in order to simulate the 
soil stress pattern. The analysis assumed a full-face excava-
tion, and in order to simulate the stress relief and 3D arching 
effects during excavation a relaxation factor (β) was applied 
in the soil in order to simulate the soil deformation prior to 
advance and installation of the lining at each excavation step. 
This has been realized through the stiffness reduction 
method, i.e. the soil within excavation zone was modelled as 
elastic, it was assigned lower parameters (Young’s modulus, 
Poisson’s ratio) and the ground is allowed to deform to a new 
equilibrium before the lining installation (refer to details of 
this modelling approach and methodology in [5] and [6]).  

 
Figure 1 Overview of the analysed cross section geometries; black, blue, red, 
green, brown, magenta, and light blue for Sections 0 (base case), Wide 1, 2, and 3, 
Tall 1, 2, and 3 respectively; cross-section area is 50.0 m2 

 
Figure 2 Finite element meshing of Section Wide 3 

2.3 Probabilistic models 

A Monte-Carlo simulation is used to generate a 1000-point 
sample of input parameters in order to assess the variability 
of the lining section forces due to the variability of the ge-
otechnical and concrete parameters. Each set of parameters 
is then used as stochastic input to a simulation run. The se-
lected stochastic parameters (see 2.4) are assumed to follow 
a normal distribution except for the concrete’s Young’s mod-
ulus which is assumed to follow a lognormal distribution.  

2.4 Input variables 

As discussed above, the model’s stochastic parameters are, 
the soil’s undrained Young’s modulus Eu, the undrained 
shear strength Su ,the coefficient of lateral earth pressure K0, 
and the concrete’s Young’s modulus Ec, while all other pa-
rameters are kept as deterministic. This selection is based on 
best/worst case calculations (parametric-deterministic pre-
studies), showing invariance of the results for reasonably var-
ied input (e.g. Poisson ratio and concrete self weight). An 
overview of the geotechnical and tunnel support input param-
eters used is given in Table 1 and Table 2 respectively. The 
soil Young’s modulus is found to be in strong correlation 
with the undrained shear strength and as such a correlation 
factor of 1 was assumed (Eu = 1000 x Su). All other parame-
ters are assumed uncorrelated. 

Table 1  Geotechnical input parameters (* stands for truncated distribution with 
lower limit at 1% and upper limit at 99% of the normal distribution) 

Soil property Mean Std. dev. Distribution 

Material density, γ [kN/m3] 20 - - 

Poisson's ratio, v [-] 0.45 - - 

Relaxation factor, β [-] 0.5 - - 

Undrained Young's 
modulus, Eu [MPa] 200 50 Normal* 

Undrained shear 
strength, Su [kPa] 200 50 Normal* 

Lateral stress coeffi-
cient, Ko [-] 1.00 0.25 Normal* 

Table 2  Tunnel support input parameters 

Concrete property Mean Std. dev. Distribution 

Material density, γ [kN/m3] 25 - - 

Poisson's ratio, v [-] 0.2 - - 

Young's modulus, Ec [GPa] 2.5 0.25 Log-Normal 

3 Results and discussion 

The graphs in Figure 3 through to Figure 5 provide an over-
view of the section-force results, and in particular the deter-
ministic values and an upper (95%) and a lower bound (5%) 
fractile of the section force distribution at each location of the 
lining between the crown and the invert (symmetry over the 
vertical axis assumed).  
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With regards to axial forces (Figure 3-top) the wide cross sec-
tions develop higher values at the tunnel arch (upper half of 
the section) due to the vertical in-situ stress components. 
These accordingly decrease along the inverts as the latter be-
come flatter, and thus bear less of the horizontal in-situ stress 
components. Accordingly, the tall sections with an ovoid 
shape (Figure 3-bottom) show an opposite trend, a more pro-
nounced axial-load bearing behaviour and narrower disper-
sion. This is reflected in the presented results, since (a) the 
axial forces in the crown through to the springlines of the 
wide sections are of the same order of magnitude both in 
terms of mean value (700-800 kN) and standard deviations 
(40-50 kN), whereas in the inverts the axial force mean val-
ues ranges from 600 to 350 kN with the standard deviation 
gradually increasing to approx. 130kN and (b) the mean 
value and standard deviation are fairly constant along the in-
verts of the tall sections (approx. 700 and 90 kN respec-
tively). 

 

 

Figure 3 Axial force deterministic values and 5% - 95% percentiles, for the wide 
(top) and tall (bottom) sections and for the development of the axial force from the 
tunnel crown (left) to the invert (right). 

In the graphs of Figure 4 to Figure 5, the developed bending 
moments and shear forces in the linings are shown, and the 
efficiency of each cross-section design with respect to the as-
sumed variabilities becomes more noticeable. As the inverts 
become flatter, and consequently flexure becomes more pro-
nounced, a higher dispersion of bending moment values be-
comes evident. Respectively, higher shear forces and disper-
sions develop as the invert/arch transition areas for the cross 
sections are realised with smaller local curvatures. In the cir-
cular section (base case, Section 0) the moment and shear 
mean values are negligible and an optimum force flow devel-
ops within the lining; some variations in bending are ob-
served at the crown, invert, and springlines of the lining, 
mainly due to the variations in the lateral earth pressure co-

efficient K0. Bending moment and shear patterns are recog-
nized at locations of strong curvature, at the transitions from 
the bottom of the arch of the lining toward the invert. In these 
instances, both the mean values as well as the standard devi-
ations increase as the inverts get flatter and the change in cur-
vature more acute (from Sections 1 to Sections 3), yet the 
overall variation coefficients remain in the same order of 
magnitude for each location of the tunnel perimeter. 

 

 

Figure 4 Bending moment deterministic values and 5% - 95% percentiles, for the 
wide and tall sections and for the development of the bending moment from the tun-
nel crown (left) to the invert (right). 

 

 

Figure 5 Shear force deterministic values and 5% - 95% percentiles, for the wide 
and tall sections and for the development of the shear force from the tunnel crown 
(left) to the invert (right). 
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Figure 6 Histograms of the axial force at the springline of the analysed wide cross 
sections. The 99.9% percentile of the control section (0) is shown with a dashed line. 

 

 

 

 
Figure 7 Interaction diagrams for the analysed wide cross sections; black, blue, 
red, green, for Sections 0 (base case), Wide 1, 2, and 3 respectively. 
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Figure 8 Interaction diagrams for the analysed tall cross sections; black, brown, 
magenta, light blue for Sections 0 (base case), Tall 1, 2, and 3 respectively. 

The results are also aggregated on the basis of histograms, 
with best-fit probability density functions. The probabilistic 
concept is mainly based on [7], [8], [9], [10]. Figure 6 demon-
strates the axial force variation for the widened cross sections 
at each sections springline (location at the end of the upper 
arch on the side of the tunnel).  

The results in Figures 7 and 8 are presented graphically based 
on interaction diagrams (or also called capacity limit curves 
– CLC) which pose a very useful assessment tool in the case 
of shells with uniform thickness and reinforcement ratio, un-
der axial and bending loads [11]. For the development of 
these graphs, one can rely on national and international codes 
and standards. Herein, an unfactored, deterministic resistance 
of an unreinforced lining, with a C30/35 concrete is imple-
mented, in accordance with Eurocode 2 [12]. 

The graphs present all design combinations of axial forces 
and bending moments (which typically vary along the ring) 
relative to the envelope of the cross-section’s design capac-
ity, providing a comprehensive graphical and numerical 
structural verification. The reliability and robustness of the 
design can then be assessed based on the distance of the de-
sign point from the capacity curve; this distance is essentially 
the design’s Limit State Function (LSF). Based on this con-
cept, a comparison of the performance and reliability for var-
ious tunnel lining designs is accommodated, which leads to a 
consistent design optimisation. It has to be noted, that a tun-
nel lining design concept typically utilises the compression 
induced by the soil/structure interaction to exhibit flexural re-
sistance (an alternative of active pre-stressing in standard 
concrete engineering). Therefore the minimum failure prob-
ability appears for a centrically compressed section well 
above zero-stress, or in other words well beyond the thresh-
old of tension stresses in the cross-section of the shell. Struc-
tural reliability in the context of this study is identified as the 
load situation, which is less prone to failure, and – counter-
intuitively – it is not the unloaded tunnel structure. 

The outcomes of the analyses disclose a significant depend-
ence of the section forces dispersion on the cross-section 
shape. In particular, axial force flow in the invert is charac-
terised by a higher variability for sections with higher invert 
curvature, while bending moments and shear forces in certain 
areas of the tunnel perimeter exhibit a very distinct variability 
for cross-sections with more acute curvature changes and 
flatter inverts.  The main outtake of these comparisons is that 
the shape of the structure (i.e. how optimised it is against the 
imposed loads, the soil-structure interactions, and the in-
volved uncertainties) strongly defines the structure’s reliabil-
ity level (a further quantitative assessment is proposed in [4]). 
Furthermore, it also characterises the associated redundancy 
and robustness against further uncertainties in the ge-
otechncial and structural properties, the tunnel idealisation 
and modelling, as well as the as-built shape.  



BETON-UND STAHLBETONBAU International Probabilistic Workshop 2018      

Seite 6 

Kommentare 

4 Conclusions 

In the present study, geotechnical variabilities and their im-
pact on the tunnel lining design are evaluated against a cross-
section optimisation of tunnels, on the basis of probabilistic 
non-linear finite elements analyses. These analyses focus on 
a relatively shallow tunnel in a uniform soft soil stratum with 
the soil’s undrained Young’s modulus Eu, the undrained 
shear strength Su ,the coefficient of lateral earth pressure K0, 
and the concrete’s Young’s modulus Ec, being the varying 
input parameters (stochastic variables).  

The findings presented herein are based on a specific set of 
section shapes and geotechnical conditions. In the context of 
a broader investigation, a quantifiable tunnel shape optimisa-
tion classification can be established, in relation to various 
influencing parameters and their variabilities, including ge-
otechnical conditions, groundwater regimes, tunnel space 
functionality and architecture, construction logistics and 
costs. However, a clear dependence pattern between cross-
section curvatures and geotechnical variabilities is disclosed. 
As a main conclusion, this study emphasises on the fact that 
a cross-section shape optimisation can undoubtedly lead to 
substantial savings in terms of lining design (e.g. thickness 
dimensioning or reinforcement), but also to an enhancement 
on the overall structural safety of the tunnel lining elements. 
A qualitative optimisation as regards the tunnel shape (form 
finding) is allowed, while the improved response of certain 
shapes against geotechnical and structural parameter varia-
bility is identified quantitatively in the variation of the sec-
tional forces. Conversely, cross-sections with a lower degree 
of optimisation (e.g. flat inverts, or acute curvature changes 
in soft soil), should be treated in the design with additional 
reliability and robustness considerations, as for example by 
use of appropriate safety factors, or probabilistic analyses 
and design tools. 
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A comparison of stochastic inverse methods 

with sampling and functional-based linear and non-linear update procedures  

 

Abstract: In this paper we focus on inverse methods enabling the 
calibration of input parameters when measurement of the re-
sponse of an engineering system is available. Considering only 
stochastic approaches, different methods can be used to perform 
the update. In the paper, a comparison of some of these numerical 
procedures is presented in order to evaluate the capability of the 
different methods.  

In particular, simple analysis have been carried out  focusing the 
attention on those aspects that are more crucial in engineering 
application, such as the linearity/non-linearity of the model and the 
influence of the prior quality.  

The results obtained with some toy-examples show that these 
aspects highly influence the performance of the methods. The 
Markov Chain Monte Carlo (MCMC) method is computationally 
expensive, due to slow convergence rate, but it is competitive for 
capturing multi-modal Bayesian posterior distribution. Efficient 
methods, such as the Kalman Filter, are suitable for linear models 
but have limitations when updating the parameters of non-linear 
models. Non-linear filters, such as the Non Linear Minimum Mean 
Squared Error (NL-MMSE), lead to better results for highly nonlin-
ear models.  

1 Introduction 

In the last decades an increasing amount of literature is 

devoted to the computational aspects of the Bayesian ap-

proach to the stochastic inverse problem. Among the meth-

ods which have been recently developed, those that take 

advantage of functional approximations of the random vari-

ables have aroused special attention. The polynomial chaos 

expansion (PCE) allows in particular approximating the 

random variables through mathematical series forms. This 

type of functional representation facilitates the construction 

of response surfaces and provides a computationally cheap 

proxy model. With such model, the quantification of uncer-

tainty in the response and the updating of the input parame-

ters can be much more efficient. 

However several factors are involved in the Bayesian ap-

proach to the stochastic inverse method, which could influ-

ence the results. Generally speaking, the choice of the prior 

distribution, the non-linearity of the model, the measure-

ment error and the data collected play often a crucial role. 

Some aspects concern the type of functional approximation 

used for the response, such as the total degree of polynomi-

als of the PCE, the choice of the polynomials, and the num-

ber of random variables involved. Other aspects concern 

indeed the algorithm implemented to perform the updating.  

Therefore it is worth to perform simple analyses concerning 

the aspects that are more crucial in engineering application, 

such as the linearity/non-linearity of the model, the meas-

urement error, and the choice of the prior distribution; the 

intention is to understand their impact on the results of the 

updating, and to improve the interpretation of the results in 

more complicated studies.  

In this paper, the classical sampling based method of the 

Markov Chain Monte Carlo (MCMC) is compared with 

sample free updating procedures based on the conditional 

expectation [1], such as the polynomial chaos based Kalman 

Filter (PCE-KF) and the Non-Linear Minimum Mean 

Squared Error (NL-MMSE) estimator.  

Spectral representations of uncertain parameters and field 

quantities are also introduced to accelerate the computa-

tions. In particular, the polynomial chaos expansion (PCE) 

is employed for a functional approximation of the random 

variables and the response [2]. 

Moreover, in order to improve the efficiency of the MCMC 

method, a parallelized version of the algorithm, described in 

the appendix, has been implemented. 

2 The Bayesian approach to the stochastic inverse 
problem 

Let us consider a mechanical system whose behaviour is 

modelled by a set of governing equations, i.e. partial differ-

ential equations. Let suppose that the mechanical model is 

characterized by a vector 𝑸: 𝛺 →  𝑅𝑛𝑞 of input random 

parameters, with 𝛺 the set of possible events. The epistemic 

uncertainty coming from our lack of knowledge is modelled 

by this randomness, and we assign some prior probability 

distribution 𝜋(𝒒) of the 𝑸 random vector based on profes-

sional expertise. We note one realization of 𝑸 by 𝒒 ∈ 𝑅𝑛𝑞 . 
Further in the paper capital letters are used for random vari-

ables and small letters for their realizations. For mathemati-

cal convenience we also introduce a map 𝑭: 𝛺 →  𝑅𝑛 which 

maps this set of random variables to a set of mutually inde-

pendent random variables 𝒁: 𝛺 →  𝑅𝑛 with element 𝑍𝑖 hav-

ing all some standard normal distributions 𝜋𝑖(𝑧𝑖), and we 

suppose that the 𝐹 map is a bijective one. Due to the inde-

pendence, the joint prior density function of 𝒁 reads [3]: 

𝜋𝒁(𝒛) = ∏ 𝜋𝑖(𝑧𝑖)
𝑛
𝑖=1 .                            (1) 
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Let the relationship between the vector 𝑸 and the observa-

ble 𝒖 given by the forward model 𝐺: 

𝒖 = 𝐺(𝒒),                                      (2) 

where 𝒖 ∈  𝑅𝑚 is a vector that gathers the response quanti-

ties and 𝐺: 𝑅𝑛 → 𝑅𝑚. It is assumed here that there exists a 

deterministic solver (e.g. a FEM code) that takes as input a 

given set of input parameters 𝒒 and provides a unique re-

sponse vector 𝒖. 

Since measurement errors are inevitable in practice, observ-

able data 𝒅 may not match the true value of the response 𝒖, 

so that, assuming additional observational errors 𝜺, the 

measurement data takes the form 

𝒚𝒎 = 𝒖 + 𝜺 = 𝐺(𝒒𝒕𝒓𝒖𝒆) + 𝜺,                   (3) 

where 𝜺 ∈  𝑅𝑚 is one realization of a random vector 

𝑬: 𝜴 → 𝑅𝑚 modelling the measurement error. Here we 

assume 𝑬 to be some mutually independent Gaussian ran-

dom variables with joint probability density function 

𝜋(𝜺) = ∏ 𝜋(𝜀𝑖)
𝑚
𝑖=1 .                            (4) 

The Bayesian approach seeks to estimate the updated densi-

ty of the random vector 𝑸 given a set of observations 𝒚𝒎. 

The Bayes rule takes the form 

𝜋(𝒒|𝒚𝒎) =
𝜋(𝒚𝒎|𝒒)𝜋(𝒒)

∫ 𝜋(𝒚𝒎|𝒒)𝜋(𝒒)𝑑𝑞
,                      (5) 

where 𝜋(𝒒) is the prior probability density of 𝑸, 𝜋(𝒚𝒎|𝒒) is 

the likelihood function, and 𝜋(𝒒|𝒚𝒎) is the density of 

𝐐 conditioned on the data 𝒚𝒎, or in other words the posteri-

or probability density of 𝑸. In this case, the likelihood reads  

𝐿(𝒒) = 𝜋(𝒚𝒎|𝒒) = ∏ 𝜋𝜀𝑖
(𝑦𝑚 ,𝑖− 𝑢𝑖).𝑚

𝑖=1           (6) 

However, in most cases, the likelihood and thus the posteri-

or distributions cannot be analytically derived in a closed 

form. An increasing amount of literature is devoted to the 

computational aspects of the Bayesian Inference. In this 

paper the attention is mainly focused on those methods that 

take advantage of functional approximations of the random 

variables through a polynomial chaos expansion (PCE). In 

the next paragraph the PCE is introduced and the MCMC, 

the PCE-KF and the NL-MMSE estimator methods are 

outlined. 

2.1 Numerical approach to the Bayesian Updating 

2.1.1 Polynomial Chaos Expansion 

Performing uncertainty quantification analysis as well as 

solving Bayesian inverse problems for engineering systems, 

may require to run the forward model 𝐺 a lot of times with 

a consequent high computational cost. 

Then, in order to speed up the computations, a proxy model 

for the predicted measurable 𝒖 replacing the G map can be 

of great use. Here we use the PCE surrogate model. For an 

extensive review of this topic, please refer to [3]. Without 

going here into mathematical details, assuming that 

𝑼 = 𝐺(𝑸) has a finite variance, the 𝑼𝑁 approximation of 

the response reads 

𝑼 = 𝐺(𝐹−1(𝒁)) ≈ 𝑼𝒉 = ∑ 𝒖̂𝒊𝛷𝒊(𝒁)|𝒊|≤𝑁          (7) 

where 𝛷𝒊(𝒁) = 𝜙𝑖1
… 𝜙𝑖𝑛

 are the multivariate gPC basis 

functions, some orthogonal polynomials of total degree less 

than or equal to 𝑁 as 𝒁 is a Gaussian vector the correspond-

ing orthogonal polynomials that are orthogonal with respect 

to the Gaussian measure are the Hermite polynomials. 𝒖̂𝒊 

are the coefficients of the PCE, 𝒊 = (𝑖1, . . , 𝑖𝑛) ∈ 𝐍0
𝑛 is a 

multiindex (with |𝒊| = 𝑖1+. . +𝑖𝑛), 𝑁 is the degree at which 

the expansion is truncated. The computation of the coeffi-

cients can be carried out with different methods such as the 

interpolation/regression, and the pseudo-spectral projection. 

For further details about this topic, please refer to [3] and 

[4]. When the PCE of a given forward model is available, 

one has in fact an analytical representation of 𝒖 in terms of 

𝒛, with the advantage that for any realization of the random 

parameter 𝑸 the response 𝒖 can be easily evaluated by first 

mapping 𝒒 to 𝒛 and then evaluating the PCE with not much 

computational expense. This can be crucial when the deter-

ministic solver is computationally very expensive. Further-

more, statistical information can be also analytically com-

puted in a straightforward and efficient manner. Similarly 

the parameter 𝑸, the measurement error 𝑬 and the meas-

urement model 𝒀 can also be represented with a PCE ex-

pansion  

𝑸𝒉 = 𝐹−1(𝒁) = ∑ 𝒒̂
𝒊
𝛷𝒊(𝒁),|𝒊|≤𝑀                    (8) 

𝑬 = ∑ 𝒆̂𝒊𝛷𝒊(𝑿),|𝒊|≤1                              (9) 

𝒀𝒉 = 𝑼𝒉 + 𝑬 = ∑ 𝒖̂𝒊𝛷𝒊(𝒁)|𝒊|≤𝑁 + ∑ 𝒆̂𝒊𝛷𝒊(𝑿).|𝒊|≤1  (10) 

The data 𝒚𝒎 that we measure will be a sample of the Y 

measurement model. We can combine Eq. (10) in one com-

bined PCE: 

𝒀𝒉 = ∑ 𝒚̂𝒋
𝑒

𝛷𝒄,𝒋(𝒁, 𝑿)j                     (11) 

where the 𝛷𝒄,𝒋 are the same PCE basis as the one used 

for 𝑼𝒉 but extended with the basis function of 𝑬. 

2.1.2 Markov Chain Monte Carlo   

As mentioned before, usually, the likelihood function 

𝜋(𝒚𝒎|𝒛) and thus the posterior distribution 𝜋(𝒒|𝒚𝒎) does 

not have a closed form, but it can be estimated by sampling 

techniques. One of the most commonly used method is the 

Markov Chain Monte Carlo (MCMC). The algorithm of the 

MCMC samples from the posterior distribution with the 

help of a random walk, constructing a Markov chain that 

has the desired pdf as its equilibrium distribution [5]. This 

approach is very general and easy to compute; however 

MCMC algorithm is a very demanding procedure, as the 

system response must be evaluated for each new proposed 

https://en.wikipedia.org/wiki/Markov_chain
https://en.wikipedia.org/wiki/Markov_chain#Steady-state_analysis_and_limiting_distributions
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sample. The evaluation starts at 𝑗 = 0, with a sample 𝒒(𝑗) of 

the 𝑸 set of random parameters which is plugged into the 

forward model 𝐺. Once the response 𝒖(𝑗) = 𝐺(𝒒(𝑗)) is 

computed, the likelihood 𝐿(𝒒(𝑗)) from Eq. (6) and the prior 

probability 𝜋(𝒒(𝑗)) can be easily calculated . Luckily, the 

normalization constants of the denominator in (5) does not 

have to be evaluated. Then a random walk starts in a param-

eter space 𝑸. One random step results in a new sample 

𝒒(𝑗+1), where the nominator of (6) is recomputed. The high-

er the nominator at this new sample point gets, the higher 

probability there is to accept this step. The probability of 

acceptance of each step 𝑗 + 1 is  computed from 

𝑟 = min {1,
𝐿 (𝒒(𝑗+1))𝜋(𝒒(𝑗+1))

𝐿 (𝒒(𝑗))𝜋(𝒒(𝑗))
}.                    (12) 

When the step is not accepted, then the (𝑗 + 1)th sample 

point will be the same as the previous 𝑗th sample point of 𝑸. 

The process is repeated till the equilibrium distribution is 

reached. In order to improve the efficiency of the MCMC 

method, the introduced PCE surrogate model can be used 

instead of using the computationally expensive forward 

model, for all the samples [6].  

Here we implemented a parallelized multiple chain version 

of the algorithm that can speed up the computations. The 

algorithm is described in the Appendix. 

2.1.3 Ensemble Kalman Filter and the sample free 
Kalman Filter 

The Kalman Filter (KF) was initially proposed as a method 

for sequential state estimation for incompletely observable, 

linear discrete-time dynamics. It consists of two stages: a 

forecast stage where the system of interest is solved and the 

forecast solution is obtained; an analysis stage where the 

forecast stage and the data are combined in order to obtain 

better prediction of the system [7]. The KF scheme can be 

also applied to solve inverse problem of the form of Eq. (3) 

[8]. As the KF assumes that the parameters to be updated 

are Gaussian, we update the 𝒁 parameters instead of the 𝑸 

ones, and then map it back to 𝑸 = 𝐹−1(𝒁). 

The updated parameter 𝒁′ is determined as a combination of 

the prior parameter 𝒁 and the measurement 𝒅 in the follow-

ing manner: 

𝑸′ = 𝑸 + 𝑲(𝒚𝒎 − 𝒀)                       (13) 

where 𝐾 is the Kalman gain 

𝑲 = Cov(𝑸, 𝑼) [Cov(𝑼) + Cov(𝑬)]−1.        (14) 

If the system is not linear, an explicit derivation of the co-

variance matrix is not possible. Subsequently, various ap-

proximations have been developed. Among the others, the 

Ensemble Kalman Filter (EnKF) overcomes the limitation 

of the KF by using an ensemble approximation of the ran-

dom state solution [9]. To avoid the sampling procedure 

required by the EnKF, one may resort again to a functional 

approximation of the random variables; in this light, the 

linear Bayesian procedure is reduced to a simple algebraic 

method [3].  

In the sample free Kalman-Filter (PCE-KF), the random 

input 𝑸, the predicted system response 𝑼 and the measure-

ment model 𝒀 can be all represented in a polynomial chaos 

expansion form, using the approximations in Eq. (8),(9) and 

(10). It is then possible to discretise Eq. (13) in the follow-

ing way: 

𝑸𝒉
′ = 𝑸𝒉 + 𝑲(𝒚𝒎 − 𝒀𝒉).                     (15) 

Here, 𝑲 is the Kalman gain that is calculated according Eq. 

(14) in an algebraic way, evaluating the covariance matrixes 

directly from the PCE coefficients 𝒒̂𝒊, 𝒖̂𝒊 and 𝒆̂𝒊. It is im-

portant to notice that as the number of measurements in-

creases, the PCE terms involved in the expansion grow and 

consequently the computational cost of the method. 𝑸𝒉
′ will 

be described in the combined basis and therefore before 

using Eq. (15), 𝑸𝒉 and the deterministic values 𝒚𝒎 also has 

to be described in this combined basis 𝛷𝒄,𝒋. See Appendix 

for details. 

2.1.4 Method based on the Minimum Mean Squared 
Error Estimator 

It is possible to tackle the problem of the Bayesian updating 

exploiting the properties of the MMSE.  

Recalling that 𝑸: 𝛺 →  𝑅𝑛𝑞 is the vector of input random 

parameters and 𝒚𝒎 𝜖 𝑅𝑚 is the measurement of the system 

output, an estimator 𝜑: 𝑅𝑚 → 𝑅𝑛𝑞  is any function of the 

measurement 𝒚𝒎. According to [10], it is possible to 

demonstrate that the conditional expectation 

𝜑̂ = 𝔼[𝑸|𝒚𝒎]                                  (16) 

is the estimator that minimizes the mean square error 

𝑒𝑀𝑆𝐸
2 = 𝔼 [(𝑸 − 𝜑(𝒚𝒎))

2
].                     (17) 

𝜑̂ then represents the minimum mean squared error estimate 

of 𝑸 given 𝒚𝒎 and provides a numerical framework for 

non-linear filtering [12]. 

In order to carry out the minimization, 𝜑 is defined over a 

finite dimensional function space 𝒱𝜑. It is a space spanned 

by some basis functions 𝛹𝒊, e.g. multivariate fixed polyno-

mials with 𝒊 the corresponding multi-index.  

If we restrain the minimisation to such subspace the estima-

tor 𝜑 can be written as linear combination of these basis 

functions up to degree 𝑃 

𝝋 ≔ 𝒚𝒎 ⟼ ∑ 𝜑𝒊𝛹𝒊(𝒀)|𝒊|≤𝑃 .                   (18) 

In this way, the problem of computing the minimiser boils 

down to solving a system of linear equations for the coeffi-

cients 𝜑𝒊 as shown in the Appendix. Then the updated input 

parameter is described by  

𝑸′(𝒁, 𝒀) = 𝑸(𝒁) − 𝝋(𝒀(𝒁, 𝑿) + 𝝋(𝒚𝒎)).          (19) 

Further details regarding the optimization algorithm are 

given also in [10]. 
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3 Numerical Examples 

In order to test the stochastic inverse methods previously 

described, four toy-examples, characterized by an increas-

ing degree of non-linearity, have been considered: 

- Model 1: 𝑢(𝑞) = 1 + 5𝑞 

- Model 2a: 𝑢(𝑞) = 1 + 2𝑞2  

- Model 2b: 𝑢(𝑞) = 4 − 8𝑞 − 4𝑞2 

- Model 3: 𝑢(𝑞) = 1 + 0.5𝑞4 

It is important to notice that in these simplified cases, the 

model response is a polynomial but, as presented before, 

even for real more complicated case an approximated re-

sponse surface can be defined by means of polynomial 

expansion. Assuming that the input parameter has a normal 

distribution 𝑄 = 𝑁(𝜇 = 1.5, 𝜎 = 0.5), synthetic measure-

ments were considered, obtained by setting the true value of 

the input random variable to 𝜇 + 𝜎 and 𝜇 + 3𝜎. The meas-

urement data 𝑦𝑚 was generated considering a normal distri-

bution for the error with zero mean and standard deviation 

𝜎𝜀 = 𝑢(𝑞𝑡𝑟𝑢𝑒)/20. The parameters regarding each method 

are set up in the following way: for MCMC, the starting 

point of the random walk was at the mean of the prior dis-

tribution, and running multiple chains, as discussed in the 

Appendix, the posterior distribution is sampled 10000 

times. For the NL-MMSE, a degree P = 8 is used for the 

polynomial approximation. The updating procedures, pre-

sented in the previous paragraph were then tested against 

the four models and the results are reported in Fig. 1-4 for 

𝑞𝑡𝑟𝑢𝑒 = 𝜇 + 𝜎 and in Fig. 5-8 for 𝑞𝑡𝑟𝑢𝑒 = 𝜇 + 3𝜎. Each 

chart has a double y-axis, the left side is for the PDF while 

the right side is used for the model response. The figures 

report: 

- the prior PDF (blue) 

- the posterior PDF obtained via MCMC (cyan) 

- the posterior PDF obtained via PCE-KF (green) 

- the posterior PDF obtained via NL-MMSE (red 

solid line) 

- the true value of the parameter 𝑧𝑡𝑟𝑢𝑒 (red dashed 

line) 

- the model response 𝑢(𝑧) in black 

- the measurement 𝑦𝑚 from which the update was 

computed (black dashed line) 

- the region ±3𝜎𝜀 for the measurement (grey area) 

The results show, as expected, that a good choice of the 

prior distribution is crucial. For true value equal to 𝜇 + 𝜎, 

the considered methods are able to perform the update for 

all the models except model 2b. In this case, the model 

results in the same measurement 𝑑 for two different input 

parameters. This type of setup makes the parameter non-

identifiable. However, in the Bayesian framework the prob-

lem becomes well-posed, and the posterior is a bimodal 

distribution with peaks at the two solution parameters. Only 

the MCMC can capture the bi-modal Bayesian posterior 

distributions, as all the other methods are based on the con-

ditional expectation, so only the correct posterior mean is 

captured. 

 

Fig 1 Comparison of Updating Procedures - Model 1, qtrue: μ+1σ 

 

Fig 2 Comparison of Updating Procedures - Model 2a, qtrue: μ+1σ 

 

Fig 3 Comparison of Updating Procedures - Model 2b, qtrue: μ+1σ 
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Fig 4 Comparison of Updating Procedures - Model 3, qtrue: μ+1σ 

 

Fig 5 Comparison of Updating Procedures - Model 1, qtrue: μ+3σ 

 

Fig 6 Comparison of Updating Procedures - Model 2a, qtrue: μ+3σ 

4 Conclusion 

In the paper, a comparison of updating procedures has been 

carried out to evaluate the capability of each method to give 

acceptable results for engineering applications. Four toy-

examples are analysed to investigate the effect of the linear-

ity/nonlinearity of the model, and the prior quality has been 

also taken into account considering different true values. 

The results show that the linear Kalman filter is efficient but 

the linearization has strong limitations when working with 

non-linear models. In particular, the effects of non-linearity 

are more emphasized when the prior is far from the “true” 

value. The non-linear MMSE instead allows performing the 

updating also for non-linear models in an efficient way. The 

main drawback of the MCMC is the slow convergence and 

the high computational effort, but it can provide a solution 

for the updating of the all investigated models, capturing 

also the bimodal shape of the posterior distribution. 

 

Fig 7 Comparison of Updating Procedures - Model 2b, qtrue: μ+3σ 

 

Fig 8 Comparison of Updating Procedures - Model 3,ztrue= μ+3σ 

Appendix 

As mentioned in the paper, a parallelized version of the 

MCMC algorithm has been used for the calculations. The 

key idea of the algorithm is to run N multiple chains in 

parallel, thus the 𝑧𝑖 samples of the posterior distribution are 

obtained according the following steps: 
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1: procedure  parallelMHA(𝜋(𝑧), gk, L(z), N, T) 

2: draw initial value 𝑧𝑖
(0)

 from prior p(z) 

3: for each j = 1→T do 

4: for each i = 1→N do 

5: draw 𝑧𝑖
(∗)

 value from the proposal distribution  

𝑔𝑘(𝑧𝑖
(∗)

|𝑧𝑖
(𝑗−1)

) 
 

6: evaluate the probability of acceptance 

𝑟 = min {1,
𝐿 (𝑧𝑖

(∗)
)𝜋(𝑧𝑖

(∗)
)𝑔𝑘 (𝑧𝑖

(𝑗−1)
|𝑧𝑖

(∗)
)

𝐿 (𝑧𝑖

(𝑗−1)
) 𝜋 (𝑧𝑖

(𝑗−1)
) 𝑔𝑘 (𝑧𝑖

(∗)
|𝑧𝑖

(𝑗−1)
)

} 

7: accept the next state with probability r 

𝑧𝑖
(𝑗)

= 𝑧𝑖
(∗)

 

8: or reject with probability 1- r 

𝑧𝑖
(𝑗)

= 𝑧𝑖
(𝑗−1)

 

9: end 

10: end 

Concerning the PCE-KF method, the algorithm can be 

summarized in the following steps: 

1: procedure  PCE_KF(𝑞̂𝒊,𝑢̂𝒊, 𝛷𝒊(𝒁), 𝑒̂𝒊, 𝛷𝒊(𝑿),ym) 

2: compute the covariance matrices 

Cov(𝑸, 𝑼) = ∑ 𝑁! 𝒒̂𝒊|𝒊|≤𝑁 (𝒖̂𝒊)
𝑇                               

Cov(𝑼) = ∑ 𝑁! 𝒖̂𝒊|𝒊|≤𝑁 (𝒖̂𝒊)
𝑇                                 

Cov(𝑬) = ∑ 𝑁! 𝒆̂𝒊|𝒊|≤𝑁 (𝒆̂𝒊)
𝑇 

3: compute the Kalman Gain 

𝑲 = Cov(𝑸, 𝑼) [Cov(𝑼) + Cov(𝑬)]−1 

4: determine combined PCE basis from the multiindices of  

𝑼 and 𝑬 

5: compute in the combined basis the new PCE coefficients 

𝒒̂𝒋
𝑒, 𝒖̂𝒋

𝑒, 𝒆̂𝒋
𝑒
 

6: define 𝒚̂𝒋
𝑒 = 𝒖̂𝒋

𝑒 + 𝒆̂𝒋
𝑒
 

7: solve 𝒒̂𝒋
′ = 𝒒̂𝒋

𝑒 − 𝑲𝒚̂𝒋
𝑒
 

8: replace the first PCE coefficient corresponding to 

𝛷𝟎 = 1 

 𝒒̂𝟎
′ = 𝒒̂𝟎

′ + 𝑲𝒚𝒎 

9: The updated random variable then reads 

𝑸′𝒉 = ∑ 𝒒̂𝒋
′𝛷𝒋(𝒁, 𝑿)j   

As discussed in main text, the NL-MMSE algorithm con-

sists in solving a system of linear equations  

A𝜙 = 𝑏 

where 𝜙 is the vector of the coefficients 𝜑𝒊 in Eq. (17), 

[A]𝑖𝑗 = 𝔼[𝛹𝒊(𝒀(𝒁, 𝑿))𝛹𝒋(𝒀(𝒁, 𝑿))] and [𝑏]𝑗 =

𝔼[𝑸(𝒁)𝛹𝒋(𝒀(𝒁, 𝑿))] are integrals that can be evaluated 

with the help of numerical integration. 
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Sensitivity Analysis of Prestressed Concrete Girders 
Based on Artificial Neural Network Surrogate Model 
 

Abstract: Identification of the influential parameters of simulation 
model, called sensitivity analysis, is an essential step in computa-
tional modeling. It provides essential insights on the model behav-
ior, on its structure and on its response to the changes in the 
model inputs. There are many techniques for determining influen-
tial parameters, among them artificial neural networks are widely 
used. Existing methods are generally based on a single neural 
network, which can lead to less accurate results due to its possible 
instability. To address this deficiency, the paper describes a neural 
network ensemble-based parameter sensitivity analysis, which is 
compared with selected sensitivity analysis techniques usually uti-
lized in stochastic structural modeling. The accuracy, stability and 
efficiency of the mentioned sensitivity analysis techniques are 
compared on example of prestressed concrete girders. Due to 
enormous computational demands of its 3D nonlinear FEM model, 
an artificial neural network surrogate model was developed. The 
information obtained by sensitivity analysis is used for proper set 
up of stochastic model and response surfaces and subsequent de-
termination of selected uncertain design parameters followed by 
load-bearing capacity and reliability assessment. 

1 Introduction  

Sensitivity analysis aims to identify the key parameters that 

affect computational model performance and it plays im-

portant roles in model parameterization, calibration, optimi-

zation, and uncertainty quantification. Especially in complex 

models, efficient sensitivity analysis is needed to reveal how 

they work which can help to reduce the computational effort. 

There are many sensitivity analysis methods, among them ar-

tificial neural networks are widely used, with its flexible non-

linear reflection, robust and generalization capacity. Existing 

methods are generally based on a single neural network, but 

inadequate as a basis for parameter sensitivity analysis due to 

the uncertainty of neural network modeling [1-3], mainly re-

sulting from (1) the lack of a reliable method for determining 

the structure of the hidden layer, (2) the dissimilar properties 

of various learning algorithms used to train the neural net-

works, (3) the lack of a theoretical guide for choosing optimal 

performance criteria to direct the training of neural networks 

and (4) random initialization of connection weights inducing 

uniqueness of the model.  

To address this deficiency, a neural network ensemble-based 

parameter sensitivity analysis paradigm has been developed 

[4]. This paradigm uses a group of preselected superior neu-

ral networks to independently carry out neural network mod-

eling, subsequently performing parameter sensitivity analy-

sis and finally collectively making decisions as to the 

sensitivity of parameters by summarizing the sensitivity anal-

ysis results of individual neural networks.  

Selection of sensitivity analysis algorithm is an important 

part for performing the proposed method. There are many ef-

fective sensitivity analysis algorithms developed [5-7]. In 

this study, a global sensitivity analysis algorithm Morris-one-

at-a-time (Morris method) [8-9] is combined with the neural 

network. Morris method considers the interaction with the in-

puts and is ease to implement with less computational effort. 

The efficiency of the proposed paradigm is illustrated on pre-

stressed concrete girders [10] and compared with selected 

sensitivity analysis techniques usually utilized in stochastic 

structural modeling. 

2 Sensitivity method  

The sensitivity approach is based on an artificial neural 

network (ANN). ANN mimics biological neural network for 

data processing. And it has many characterstics, e.g. 

nonlinear reflection ability, roubustness, and parallel 

processing. It goes through learning from the data, updating 

weights and biases and finally obtains arbitrary function 

approximation mechanism. ANNs are powerful, flexible, 

versatile techniques which are often employed in the solution 

of various types of engineering problems including 

prediction, classification and approximation. Apart from 

these prevailing applications, the use of ANNs to perform 

parameter sensitivity analysis for engineering systems is still 

uncommon, although the huge potential of ANNs has 

become evident in this area of research. 

Existing studies, mostly describe the application of a single 

artificial neural network. It is difficult, however, for a single 

neural network to arrive at an accurate result concerning pa-

rameter sensitivity. This is due to the uncertainty of neural 

network modeling. To address this deficiency, neural net-

work ensemble-based (NNE) sensitivity analysis is used [4]. 

In this approach, a group of preselected neural networks is 

trained to independently carry out neural network modeling 

and perform parametric sensitivity analysis. NNE-based pa-

rameter sensitivity analysis is designed to overcome the defi-

ciencies of existing ANN-based parameter sensitivity anal-

yses. The procedure involves four basic steps: 

1. A sophisticated type of neural network is empirically 

chosen as the seed; 

2. the seed produces a family of k candidate neural networks 
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David Lehký  
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with dissimilar network structures; 

3. with the removal of inferior neural networks, n (n ≤ k) 

superior neural networks with better performance are 

selected to form an NNE model; 

4.  a selected sensitivity analysis algorithm is implemented 

on the NNE model to perform parameter sensitivity analysis, 

leading to the ranking of sensitivity for all the parameters 

pertaining to the engineering system of interest. 

Figure 1 shows a schematic view of NNE-based parameter 

sensitivity analysis. The components are clearly identified, 

i.e. the seed, candidates, NNE model and ranking. 

Apart from network structures, sensitivity analysis algo-

rithms also somewhat influence the results of NNE-based pa-

rameter sensitivity analysis. Various sensitivity analysis al-

gorithms can be found in the literature, mainly divided into 

two types, called local sensitivity and global sensitivity anal-

ysis. In this study, a global sensitivity method called Morris-

one-at-a-time is applied. Compared with the local sensitivity 

methods, it considers the interactions with the inputs, which 

better mirrors the reality. It has lower computational cost, it 

is simple to implement and easy to translate compared to 

other global sensitivity analysis methods [11-13]. So, it is 

widely used in different areas. 

The Morris method is based on an elementary effect [8-9]. 

The typical description of elementary effect is shown as  

d(𝑥𝑖) =
𝑦(𝑥1,𝑥2,⋯,𝑥𝑖+∆,𝑥𝑖+1⋯,𝑥𝑘)−𝑦(𝑥1,𝑥2,⋯,𝑥𝑖,𝑥𝑖+1⋯,𝑥𝑘)

∆
      (1) 

where X = (𝑥1, 𝑥2, ⋯ , 𝑥𝑖 , ⋯ , 𝑥𝑘) is the reference parameter 

set, scaled in the interval [0,1], 𝑥𝑖 ≤ 1 − ∆, and ∆ is multiple 

of 1/(𝑝 − 1), 𝑝 is the number of the level for scaled param-

eters. 

The mean value of the elementary effect quantifies the im-

portance of the parameters for the model output, while the 

standard deviation of the elementary effect indicates the non-

linear effect of the model parameters on the model output / 

due to the interactions with other factors [8]. A large mean of 

elementary effect implies that the corresponding model pa-

rameter has an important influence on the model output. A 

high standard deviation of elementary effect indicates that ei-

ther the parameter is correlated with other parameters or the 

parameter has nonlinear effect on the output. The elementary 

effects in this study are the performance of neural network 

with the different input parameter set.   

 

 

3 Sensitivity analysis for prestressed concrete 
girders 

3.1. Analyzed structure 

The proposed method was utilized for determination of dom-

inant input parameters of the prestressed concrete girders 

[10]. The prestressed girder produced by Franz Oberndorfer 

GmbH & Co KG in Austria as the part of experimental study 

aimed to support advanced development process of produced 

precast structural members and was subjected to a destructive 

shear test under laboratory conditions. The obtained results 

helped with the development of basic deterministic and sto-

chastic models in order to perform the reliability-based opti-

mization of precast structural members. The nonlinear com-

putational model of the prestressed girder was created using 

GID-ATENA science environment.  

In this study, a set of 12 input parameters was utilized for 

stochastic evaluation of structural response variability. Sto-

chastic model of concrete was based on experimental data 

presented in [14] obtained by ANN-based identification [15]. 

Since the computational time needed to obtain load-bearing 

Fig.1  A schematic view of NNE-based parameter sensitivity analysis 
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capacities related to the analyzed limit states is relatively high, 

an ANN-based surrogate model was created using obtained 

samples in order to significantly reduce the computational ef-

fort. A thousand random realizations of input variables were 

generated using the Latin hypercube sampling simulation 

technique using FReET probabilistic software [16]. Numeri-

cal FEM analyses were performed repeatedly using ATENA 

software [17] in order to obtain the structural response, i.e. 

the structure’s normal load-bearing capacity in tons. The in-

put parameters and output/response are shown in the Table 1. 

 

 

 

Table 1 Inputs and output for sensitivity analysis  

Variable Symbol 

Input 

Modulus of elasticity of concrete Ec 

Tensile strength of concrete ft 

Compressive strength of concrete fc 

Specific fracture energy of concrete Gf 

Mass density of concrete ρc 

Modulus of elasticity of stirrups Es 

Yield strength of stirrups fys 

Modulus of elasticity of tendons Et 

Yield strength of tendons fyt 

Prestressing force P 

Immediate losses IL 

Long term losses LTL 

Output Ultimate load UL 

A sensitivity analysis plays a significant role within 

development process by helping to focus analysis to 

important parameters and reduce the enormous 

computational burden connected with utilization of accurate 

nonlinear finite element models 

3.2. Results  

In order to value the efficiency of the proposed method, non-

parametric rank-order correlation sensitivity and sensitivity 

analysis in terms of coefficient of variation are also applied 

to analyze the prestressed concreted girders. The results of 

the main influential parameters used by all three methods are 

quite the same, there are specific fracture energy Gf, tensile 

strength ft and modulus of elasticity of concrete Ec.  

The results of the proposed method are shown as followed. 

According to the two sensitivity analysis index, mean value, 

which is normalized for easily recognition, and standard de-

viation. From the Figure 2, three domain parameters with 

high mean value were identified. Specific fracture energy Gf 

is the parameter with high-level importance. The second im-

portant parameter is tensile strength ft. The third important 

parameter is modulus of elasticity Ec with middle-level im-

portance. Some parameters have sensitivity lower than 0.1 

and can be declared as non-dominant (zero-level importance). 

On the other side, the standard deviations of all parameters 

are low, the maximum around 0.17. Among them the tensile 

strength ft, modulus of elasticity Ec and yield strength of stir-

rups fys have higher possibility of correlation with other pa-

rameters.   

This result is in good agreement with the simulation-based 

COV method, which could provide insight into the absolute 

influence of random variables, as is shown in Figure 3. 

Fig.2  Two sensitivity analysis index 
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4 Conclusion 

The paper presents the application of NNE sensitivity analy-

sis to the prestressed concrete girders. Its result is quite close 

to results obtained by other methods. It provides the main in-

fluential parameters for modeling. In addition, it identified 

the correlation between the input parameters. It is an efficient 

and robust tool for detection of the dominant parameters of 

analyzed problem. When dealing with computationally de-

manding task, utilization of sensitivity analysis is strongly 

recommended in order to decrease computational effort. 
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Safety concept for temporary works on the basis of pro-
ject-specific risk acceptance 
 

 

Abstract: The safety concept in current norms and best-practice 
guidelines for temporary works often relies on safety concepts 
drawn from established norms (as for example the Eurocodes) or 
introduced empirically, while often temporary works are designed 
on the basis of permissible stress. In some cases, owners of build-
ing infrastructure may set acceptable safety levels as temporary 
works design requirements through the project’s design criteria. 
However, it is seen in practice that several significant failures and 
losses occurred due to inadequate safety at a construction stage, 
while an increased requirement for competent temporary works 
designs is evident across the industry. At the same time, there is 
no consensus in the safety level (e.g. resistance partial safety fac-
tors) necessary for such a design, therefore designers often resort 
to using safety factors associated to permanent structures with a 
long service life. In order to ensure an optimum level of safety and 
economic construction, this paper proposes a customized reliabil-
ity threshold and an adjustment of the partial safety factors used in 
temporary works design, based on a reassessment of the current 
standards’ safety narratives as well as project specific risk ac-
ceptance criteria. 

 

1 Introduction 

The design of temporary works gains increasingly im-
portance in the civils and structural engineering industry as 
more challenging structures, tighter schedules and site foot-
prints are required. Currently, the design standards for tem-
porary works are based on safety concepts inadequately 
drawn from established norms (as for example the Euro-
codes) for permanent structures, or simply introduced empir-
ically. A more realistic safety concept for temporary works 
can be developed based on the actual likelihoods and conse-
quences of failure, and the duration of the structure’s service 
life. On this basis, the design of temporary works can be tai-
lored to the project, it can be adjoined to the construction risk 
management procedure, and this method can serve as a stand-
ard across various projects, in order to ensure an optimum 
level of safety and economic construction. The objective of 
this paper is to identify the risk levels accepted in current 
norms, assess the likelihoods and consequences of failures in 
temporary work structures for various projects, and to pro-
pose an appropriate reliability level assessment and design 
partial safety factors, depending on the individual structural 
components and the stakeholders risk appetite. Initially, the 

safety concepts currently used in codes and standards are dis-
cussed. Further, a risk based adjustment of such safety con-
cepts is provided, focusing specifically on temporary struc-
tures.  To this end, three examples of temporary work 
collapses are showcased.  

As temporary works, one can define any structures facilitat-
ing or enabling the construction (or demolition) and protec-
tion of permanent structures, or providing access to the con-
struction site. They may or may not remain in place at the 
completion of the construction project. Without disregarding 
special types, a general distinction of temporary works can 
be reasonably made between above ground and below ground 
temporary works, which are correspondingly assigned with 
different types of risk exposures. Typically, below ground 
(and underground) works rely on the adequate recognition of 
ground properties and they strongly depend on the ground 
performance, while above ground works may be more sus-
ceptible to weather phenomena and earthquake excitations. 
Examples include open excavations, underpinnings, retain-
ing and diaphragm walls, initial tunnel linings (below 
ground), and falsework/scaffolding, rebar cages, formwork, 
and gantries (above ground) respectively.   

In both cases, temporary works are associated with a typi-
cally very short design life (less than one year in general, and 
occasionally slightly longer for very large infrastructure pro-
jects). There are also cases where temporary works are de-
layed or abandoned. Another characteristic of temporary 
works is that they are intended to be slender structures com-
pared to the loads imposed, in order to allow space for con-
struction works. Often the structural system’s geometry and 
supporting conditions are continuously being altered 
throughout the construction phase. Finally, the cost of tem-
porary structural components is typically a very small frac-
tion of the final construction budget. 

At the same time, however, these works can be associated 
with extremely high consequences in case of collapse, related 
to financial damage, damage to third party assets, and life, 
health and safety of the labour staff and the public. In many 
cases, the financial loss can exceed the entire construction 
budget, i.e. collapse of temporary works can have greater 
consequences than a collapse of the completed structure. For 
underground works, it is evident that collapse at the construc-
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tion stage has resulted to losses which are multiple to the in-
itial project budget [1], [2], [3]. Therefore, it is considered 
that temporary works should be treated in design with a cus-
tomised, project specific, risk-based approach, to allow a 
more rational and efficient project delivery. 

2 Risk and reliability considerations 

2.1 Risk management of temporary works 

As discussed above, temporary works may be associated with 
very high consequences and disproportionate losses. De-
pending on the magnitude of the project, as well as the max-
imum probable loss (PML) to the project stakeholders, and 
the extend of possible impact to the public and third-party 
assets, a structured and rational approach to risk is necessary. 
In order to identify, assess, and control the construction risk 
management, the industry implements both qualitative and 
quantitative methodologies in practice, with main key indi-
cator being the risk (R) in its general description  

R = P x C      (1) 

where  P:  Likelihood of occurrence 

  C:  Consequence of occurrence. 

Construction risks are then categorised based on the severity 
of the impacts, typically at a 5-level scale as shown in Table 1 
below, with the thresholds varying by project details and risk 
appetite of the stakeholders. Furthermore, risks are catego-
rised on the type of the impact to the project, e.g. time, cost, 
environmental, health and safety, or quality and durability. 
Likelihood may similarly be scaled from 1 to 5, resulting to 
a so-called risk matrix, as a decision aide. In this case, the 
various risks are either reduced through mitigation measures, 
or avoided through change of construction practice depend-
ing on their risk matrix rating.  

Table 1 Categorisation and scaling of construction risks, with indicative thresholds 
for large infrastructure project in urban area. 

 

 
Table 2 Risk matrix, based on Equation (1) 
 

 Impact  

Li
ke

lih
oo

d 

5 10 15 20 25 
4 8 12 16 20 
3 6 9 12 15 
2 4 6 8 10 
1 2 3 4 5 

2.2 Reliability concept in current standards  

In current normative documents, there is typically a classifi-
cation of the required reliability for structures depending on 
their use, significance, and level of consequences related to 
their failure (unsatisfactory performance). The most repre-
sentative code used by practicing engineers currently is the 
EN 1990 Eurocode 0 [4], which identifies the target reliabil-
ities per reliability class (RC), and it associates those directly 
with consequence classes (CC) as seen in Table 3. The re-
spective definitions of CCs are as follows:  

CC3:  High consequence for loss of human life, or eco-
nomic, social or environmental consequences very great. 

CC2: Medium consequence for loss of human life, eco-
nomic, social or environmental consequences considerable. 

CC1:  Low consequence for loss of human life, and eco-
nomic, social or environmental consequences small or negli-
gible. 

A further reliability classification is dependent on the design 
supervision and execution inspection levels. As an example, 
the UK classification system is as follows [5]:  

Category 0 structures are only small minor constructions and 
do not require formal technical approval (internally checked 
within the design team).  

Category 1 structures include bridges with spans less than 
20m and other relatively small constructions. These require 
formal technical approval and an independent check of the 
design by an engineer who may be part of the design team.  

Category 2 covers are all structures, which do not fall into 
any of the other categories. Their design may be checked 
within the design organisation, but independently of the de-
sign team. 

Category 3 covers complex structures requiring relatively 
sophisticated analysis, spans greater than 50m, high skew 
angles, high redundancy, orthotropic bridge decks etc. These 
require an independent design check by independent organi-
sation. Temporary works for large underground and tunnel 
structures are also typically assigned to this category. 

The reliability fundamentals for the design safety concepts 
for load bearing structures are further developed in the JCSS 
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code of practice (Part 1) [6], while target reliability require-
ments in further international standards are summarised in 
[7].  

The reliability index β can be defined on the basis of the limit 
state function as  

β ൌ
ஜ౎ିஜ౏

ට஢౎
మ ା஢౏

మ
      (2) 

where μi  mean value 

 σi  standard deviation, 

or through the equation 

Φሺെβሻ ൌ p୤     (3) 

where  pf   failure probability per annum. 

 Table 3 Description of the different types of furnishing 

RC / CC 
Reliability (β), and associated probability of failure (pf) 

1 year 50 years 

1 (High) β = 5.2, pf = approx. 10-7 β = 4.3, pf = approx. 10-5 

2 (Medium) β = 4.7, pf = approx. 10-6 β = 3.8, pf = approx. 10-4 

3 (Low) β = 4.2, pf = approx. 10-5 β = 3.3, pf = approx. 10-3 

In this reliability approach, it is easily discernible that an in-
herent risk index (Consequence x Probability) is given for the 
three project classes. This leads to converging acceptable risk 
rating for all the different project classes: The risk profile is 
dictated also by the project-defined ratings, but assuming the 
cost impacts given in Table 1, and the accepted failure prob-
abilities of Table 3, one comes to risk values of the same or-
der (i.e. 1ꞏ10-6). In order to allow for an interpretation and 
integration of the above construction risk, and design relia-
bility approach, a segregation of the problem to the following 
parameters is necessary:  

‐ Reliability in accordance to the temporary works design 
method (incorporating design checks and acceptable 
safety margins) 

‐ Risk acceptance (incorporating works supervision or 
monitoring, and risk mitigation measures) 

‐ Service life of the structure (expressed to reliability 
threshold) 

In general, the EN 1990: 2002 recommended that target reli-
ability values based on structural design are intended primar-
ily for new build permanent structures. As regards the relia-
bility level requirements for temporary structures (compared 
to typical, permanent structures), the following aspects need 
to be taken into consideration:  

‐ Increased target reliability levels usually involve dispro-
portionally increased costs for temporary structures 
compared to for permanent structures. 

‐ The service lifetime of temporary works is by far smaller 
than that for new structures (technical life in the range of 
days and up to 2 years, and 50-100+ years, respectively) 

The service life requirement can be associated with the target 
reliability based on Equation (4) below, and assuming that 
the failure events per year are statistically independent, the 
values of β for different reference periods can be calculated. 

Φሺβ୬ሻ ൌ ሾΦሺβଵሻሿ௡    (4) 

where  n reference period (service life) in years. 

Further schemes for the establishment of adequate safety fac-
tors with view on temporary structures are discussed in [8], 
[9]. In addition, it should be noted that the structural infor-
mation made available for the evaluation of temporary works 
and the quality of construction can be managed on site (in-
spection reports, tests, measurements). Consequently, project 
specific and realistic reliability requirements for different 
temporary works, can prove of significant benefit as regards 
the cost and safety of the project. The appropriate target reli-
ability for such works can be defined on a risk-based (ac-
ceptable risk) approach [10]. 

3 Risk acceptance for temporary works 

3.1 Review of risk acceptance in codes and the indi-
vidual risk approach 

Target values for human safety and remaining service life are 
particularly important for temporary works. Annex E.4 of 
ISO 2394: 1998 [11] is a relatively straightforward approach 
for assessing target reliabilities related to individual human 
safety (individual risk), in terms of acceptable risks to resi-
dents or users of structures. In the case of temporary works, 
this can be extended to labour staff or the users of the public 
space in the vicinity of the works, as well as residents and 
users of adjacent assets. In addition, one can refer to group 
risk criteria of governments and municipalities, set to avoid 
accidents with an excessive number of casualties or life-
threats. In general, one can identify the representation of such 
risks through a constant annual failure probability (i.e. the 
probability of a single casualty per annum). ISO 2394: 2015 
[12] also indicates how society's preferences for investing in 
health and safety improvements in various industries can be 
described using the LQI concept [13]. The target reliability 
level can be derived taking into account the cost of security 
measures, the monetary equivalent of the social readiness to 
save a life, and the expected number of deaths from structural 
failure [14] (a generally accepted definition for the accepta-
ble individual risk can be derived from the studies on existing 
structures, as for example the one that comes to compliance 
with the JCSS recommendations is 10-5

 per annum [15], [16], 
[17]). Using such a concept as a foundation, it is possible to 
expand the target reliability level from the individual to the 
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group risk assessment. 

3.2 Group risk approach 

In general, accidents with a high number of deaths should be 
avoided. Frequency-Consequence Curves, also called F-n 
curves, describe fairly closely the relationship between the 
annual probabilities of occurrence of events and the conse-
quences with respect to n ≥ N fatalities [18]. The mathemat-
ical definition of the F-n acceptance curve according to [12], 
where A and α are constants, [12] is as follows: 

F (n) ≤ A ⋅ n-α     (5) 

An α-value greater than 1 means social non-acceptance of the 
event due to the large consequences. Usually values from 1 
to 2 are used [19], while α = 2 is a frequently used value. The 
constant A represents the frequency of occurrence of an event 
with N ≥ 1 deaths. In general, the value should match the ref-
erence system to which the F-n criterion is applied. 

Structural safety decision-making criteria for F-n acceptance 
can be derived for various reference systems (e.g., all struc-
tures planned and constructed in a country during a given pe-
riod, entire buildings, etc.). With regard to the practical ap-
plication of these criteria, the reference system is to be 
reduced, for example, from groups of structures to individual 
structural elements. The corresponding frequency of occur-
rence of events with N ≥ 1 fatalities (constant A) can then be 
converted into permissible or target error probabilities (Pft, 
SR), where the index SR stands for social risks and PN | f de-
scribes conditionally the probability of N ≥ n deaths in case 
of failure [20]:  

Pft,SR ≅ A ⋅ n−α /PN|f
    (6) 

Based on the analysis of more than 100 building collapses, 
[16] provides empirical relationships for the number of vic-
tims n and a collapsed area Acol due to the failure of the 
structural element: 

For "sparsely used" buildings (CC2): n = 0.27⋅Acol
0.5 – 1 ≥ 0 

For "high-traffic" buildings (CC3):  n = 0.59⋅Acol
0.56 – 1 ≥ 0 

For CC1 building structures, where normally no one is pre-
sent for longer periods, no values are given. 

On the basis of these expressions and conservatively assum-
ing that PN|f = Pc|f , the relationship between β for Group Risk 
(GR) and the area Acol collapsed due to the failure of the 
member for which the target reliability is determined, can be 
obtained from the equations herein [17]. However, this re-
quires the value of A. [11] and [12] indicate A = 0.01 or 0.1, 
but it is unclear to which frame of reference these values be-
long. The following values for existing structures for a refer-
ence period of one year are given: 

For "sparsely used" buildings (CC2): A = 2.6⋅10-6 

For "high-traffic" buildings (CC3):  A = 5.6⋅10-6 

Nonetheless, the current best practice (building codes for 
new buildings) is largely determined by economic consider-
ations. Considering the above, an indicative value 
A = 5.6⋅10-5 is considered for both CC2 and CC3. These val-
ues result in the reliability values for very large Acol values 
corresponding to the values for CC2 and CC3 in EN 1990 [4] 
for new structures (β = 3.8 and β = 4.3, respectively) for a 
reference period of 50 years. In practice, this means that for 
very large areas that collapse due to a structural failure, the 
group criterion is chosen so that, for reasons of human secu-
rity, no reduction in the target reliability values of EN 1990 
[4] for new structures is allowed. 

In fact, the proposed reductions are limited to smaller col-
lapsing areas (smaller than 1000 m2). Beyond this limit 
(Acol > 1000 m2), values according to EN 1990 [4] are recom-
mended on the basis of group criteria. Here it also has to be 
mentioned, that the selected value for A is also consistent 
with [21]. Furthermore, the ßIR values of Acol are not depend-
ent, and the reliability index results for a reference period of 
1 year is shown in Figure 1. In this case, it is considered that 
the assumed service life of one year is reasonable for appli-
cation within a temporary works’ design. 
 
 

 
 
Figure 1. Annual target reliability indices based on IR and GR criteria as a function 
of collapsed area Acol due to component failure (A = 5·10-5, α = 2) [17] 
 

4 Indicative failure cases of temporary works and 
associated consequences 

In order to rationalise the risk based approach discussed 
herein, some representative failure cases are selected and 
showcased below. These failure cases cover typical tempo-
rary work situations as well as high-profile large scale struc-
tures with respectively significant consequences. It should be 
however highlighted that these failure cases are provided 
here for the interest of consequence assessment, while the 
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possible causes of failure and the associated occurrence prob-
ability are not investigated.  

4.1 Scaffold collapse 

On 11.04.2006, an independently tied perimeter scaffold col-
lapsed at a high-rise construction site in Milton Keynes, UK. 
The collapse started on the West Elevation with a partial col-
lapse of the North side of the building, and the collapsed 
items were contained within the construction site boundary. 
Four workers who were on the scaffold sustained multiple 
injuries, and one of them died 3 days later in hospital. An-
other 20 staff member sustained less serious injuries. The in-
cident also incurred response and compensation of GBP 
960,000 [22]. The footprint of the collapse is approximately 
200 m2, and the damage extended to 13 storeys.  

4.2 Strut supported excavation 

On 20.04.2004 a strut supported open excavation section of 
a subway under construction in Singapore collapsed after 
failure of the lateral bracings. The structure belongs to the 
underground railway system of the Mass Rapid Transit Sys-
tem (MRT) on behalf of the Land Transportation Authority 
(LTA). The site was located within an open recreational area 
and alongside the Nicoll Highway which is a dual three lane 
urban road. The accident left a collapse footprint of 15,000 
m2, and the damaged areas reached the shafts depth of 30 m 
[23]. Four workers were killed, and three more were injured. 
No injury to the public occurred, but all six lanes of the Nicoll 
Highway were heavily damaged, and the operation closure 
until repair lasted approximately 8 months. Also, gas, water 
and electricity cables snapped, causing power to go out for 
about 15,000 people and 700 businesses. The incurred losses 
reached USD 100 mil [24]. 

4.3 Prefabricated bridge span 

On 15.03.2018 a 53 m prefabricated bridge deck, which was 
already installed in place and in the process of final assembly 
adjustments collapsed on the under-passing US Route 41, in 
Miami, Florida. The project was intended to facilitate pedes-
trian flow crossing the highway, connecting to the Florida In-
ternational University nearby. The landing surface of the col-
lapsed structure extended to an area of approximately 600 m2. 
The incident caused 6 fatalities and several injuries to the 
public using the highway underneath [25]. 

5 Conclusions 

The present paper aims to address the risk and reliability ap-
proaches for temporary structures. Temporary structures 
come increasingly into focus due to the increased challenges 
faced by the construction industry, as for example the in-
creased focus on resource efficiency, and the increased ur-
banisation. Simultaneously, most current design standards ig-
nore the engineering character and nature of temporary 

works, and they deliver provisions customised to new, per-
manent structures. Herein, a more realistic safety concept for 
temporary works is presented, which draws to actual likeli-
hoods and consequences of failure, as well as the duration of 
the structure’s service life. The proposal is also linked to es-
tablished risk practices, including traditional risk manage-
ment approaches as well as the assumptions drawn for exist-
ing structures or permanent structures with differentiating 
service life requirements. Finally, a field for applicability is 
provided based through failure cases recently represented in 
the journalistic and technical publications. This approach can 
be introduced in principle to the design concepts of tempo-
rary structures, however a clear liaison of the owner and the 
public authorities must be precedent on a project basis. This 
approach is focused only on the design safety concept for 
temporary structures, and it is not intended to cover risks 
emerging from other aspects of the construction practice, 
such as construction errors, unsuitable material, or poor man-
agement. However, it provides a comprehensive concept as 
regards a structures’ performance assessment with the aim to 
deliver a suitable cost and safety equilibrium.   
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the higher the max time limit and the max budget, 

the higher the risk reduction potential. However, it 

can be observed that the marginal effect on the risk 

reduction are decreasing when the budget and or the 

time limit is doubled.  

 

Fig. 1: Impact on solutions of different budgets and time 
limits. 

4 Conclusions 

The optimization model developed in this work can 

be effectively used to support decision-makers from 

railways infrastructure companies to deal with safety 

investment decisions. To this end, the model 

produces an optimized scenario based on specific 

constraints such as time horizon of the investment, 

safety budget and compatibility levels. The goal is to 

select for each rail segment the most appropriate 

safety measures maximizing the resulting overall 

safety levels within complex railway networks. The 

model can be used as a simulation tool testing how 

the outcome varies depending on the input variables.  

Further research could be aimed at incorporating 

additional features into the model such as the impact 

of rolling stocks on the safety decision by measuring 

all interdependencies between trains that can roll 

over the network and each rail segment. In addition, 

different measures of risk could be used and their 

effects on solutions could be compared.  

Finally, the model can be adjusted and extended to 

other transportation networks capturing all specific 

features of each transport mode. 
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Therefore, the maximum design value is 0.7 times the mean 
value. 

5 Conclusions 

The paper focuses on the analysis of parameter uncertainties 
of shear models, in which the concrete properties are of 
interest. Although no specific shear model is analysed, some 
estimations of the possible scatter of shear capacity of rein-
forced concrete members as well as of safety factors for 
shear design are made, which can be considered as the limit 
values. Some conclusions can be drawn as follows: 

1) As the strength of material is directly related to crack 
formation and development, concrete tensile strength 
has a decisive influence on the shear capacity of rein-
forced concrete members without shear reinforcement. 
Besides the tensile strength, compressive strength, elas-
tic modulus and fracture energy are also important influ-
encing parameters in shear capacity calculation. 

2) On the basis of the concrete compressive strength, three 
estimation formulae for tensile strength, modulus of 
elasticity and fracture energy of concrete are proposed. 
The corresponding statistical properties related to model 
uncertainties are also given. 

3) Most uncertainty of a shear capacity calculation comes 
from the uncertainty of estimation of concrete proper-
ties. The lower limit of variation coefficient of the un-
certainty of a shear model including parameter uncer-
tainties for concrete members without shear 
reinforcement is approx. 0.12. The minimum global 
safety factor for shear design is approx. 1.43. 

4) Due to the uncertainty in estimation of concrete proper-
ties, a minimum number of test series carried out in dif-
ferent laboratories with a value of 15 is proposed for the 
determination of the uncertainty of a shear model. Addi-
tionally, the data distribution of all parameters in the 
studied range should be uniform. For calculating the 
safety factor, the influence of sample size on the deter-
mination of the uncertainty should be taken into account. 

Bibliography 

[1] ZINK, M.: Zum Biegeschubversagen schlanker Bautei-

le aus Hochleistungsbeton mit und ohne Vorspannung. 
Universität Leipzig,  Dissertation, Viewweg+Taubner 
Verlag, 2000. 

[2] HILLERBORG, A.; MODÉER, M.; PETERSSON, P.E.: 
Analysis of crack formation and crack growth in con-

crete by means of fracture mechanics and finite ele-

ments. Cement and concrete research 6(6), p.773-782, 
1976. 

[3] WALRAVEN, J.C.: Aggregate interlock: a theoretical 

and experimental analysis. Dissertation, Delft Univer-
sity of Technology. The Netherlands. 1980. 

[4] TRAN, N.L.: in prep. Shear Strength of Slender Rein-

forced Concrete Members without Shear Reinforce-

ment – A Mechanical Model. Habilitation thesis. Tech-
nische Universität Darmstadt. 

[5] STRAUSS, A.; ZIMMERMANN, T.; LEHKÝ, D.; NOVÁK, 
D.; KERSNER, Z.: Stochastic fracture-mechanical pa-

rameters for the performance-based design of concrete 

structures. Structural Concrete 15(2014), No. 3, p.380-
394. 

[6] CRAEYE, B.; VAN DE LAAR, H.; VAN DER EIJK, J.; GI-

JBELS, W.; LAURIKS, L.: On-side strength assessment 

of limestone based concrete slabs by combining non-

destructive techniques. Journal of Building Engineer-
ing 13(2017) 216-223. 

[7] REMMEL, G.: Zum Zug- und Schubtragverhalten von 

Bauteilen aus hochfestem Beton. DAfStb Heft 444, 
1994. 

[8] DIN 1045-1: Tragwerke aus Beton, Stahlbeton und 

Spannbeton – Teil 1: Bemessung und Konstruktion. 
Beuth Verlag, Berlin, 2008. 

[9] FIB CEB: Model Code 1990 – Design of Concrete 

Structure. Comité Euro-International du Béton (CEB) 
– Fédération Internationale de la Prescontrainte (FIP). 
Thomas Telford, London, 1993. 

[10] MC 2010: fib Model Code for Concrete Structures 

2010. IBSN: 978-433-03061-5. Ernst & Sohn, 2013. 

[11] MARÍ, A.; BAIRÁN, J.; CLADERA, A.; OLLER, E.; RIBAS, 
C.: Shear-flexural strength mechanical model for the 

design and assessment of reinforced concrete beams. 

Structure and Infrastructure Engineering, 11(11), 
p.1399-1419, 2015. 

[12] WITTMANN, F.: Crack formation and fracture energy 

of normal and high strength concrete. 27(4), p.413-
423, Sadhana, 2002. 

[13] TRAN, N.L.: A new shear model for fibre-reinforced 

concrete members without shear reinforcement. In: 
Hordijk D., Luković M. (eds) High Tech Concrete: 
Where Technology and Engineering Meet. Springer, 
Cham, 2017, p. 727–739. 

Authors 

Dr.-Ing. Ngoc Linh Tran 

Technische Universität Darmstadt 

Institut für Massivbau 

Franziska-Braun-Straße 3 

64287 Darmstadt 

tran@massivbau.tu-darmstadt.de 

 

Prof. Dr.-Ing. Carl-Alexander Graubner 

Technische Universität Darmstadt 

Institut für Massivbau 

Franziska-Braun-Straße 3 

64287 Darmstadt 

graubner@massivbau.tu-darmstadt.de 



BETON-UND STAHLBETONBAU International Probabilistic Workshop 2018      

Seite 1 

Kommentare 

 

Influence of material spatial variability on the shear 
strength of concrete members without stirrups 
 

As a non-homogeneous mixture of many material components, 
concrete shows a spatial variability in mechanical properties, 
which can lead to a large scatter of shear strength of reinforced 
concrete members without stirrups. In this study, spatial variability 
and correlation of concrete properties in concrete members are 
modelled and their influences on shear strength are numerically 
investigated. The stochastic response of concrete members is 
achieved through nonlinear finite element analyses, in which 
Monte Carlo sampling is used for creating input parameters. The 
results of stochastic analyses are compared with the results of 
deterministic analyses and of experiments. Some conclusions on 
the scatter of shear strength due to material spatial variability are 
made. 

1 Introduction 

Experimental works show that the shear strength of rein-
forced concrete members strongly depends on concrete 
strain distribution and crack development in a large region 
of the concrete structure. Due to the fact that concrete is a 
non-homogeneous mixture of coarse aggregate, sand and 
hydrated cement paste and its mechanical properties are 
influenced by casting and curing methods, concrete shows a 
material spatial variability in the structure. Therefore, not 
only the mean value but also the spatial variability of con-
crete strength determines the load caring capacity of con-
crete structures. The influence of the spatial variability of 
concrete properties on the shear strength can be determined 
by stochastic finite element analysis with random field 
modelling. In some existing approaches, e.g. [1], the sto-
chastic characteristics of concrete properties, especially the 
concrete tensile strength, are assumed to be independent of 
the finite element size. As a matter of fact, this does not 
well reflect the true behaviour of concrete structures, for 
example, the direct tension test of a concrete member. The 
main reason is that the statistic size effect related to a failure 
area is not taken into account. To overcome this shortcom-
ing, the stochastic characteristics of concrete properties are 
analysed in detail in this study, whereby the tensile strength 
of concrete is especially of interest. Spatial variability of 
concrete properties in concrete members is modelled and its 
influence on shear strength is numerically investigated. The 
effect of specimen size on concrete tensile strength is also 
taken into account. 

2 Stochastic simulation 

2.1 Random fields 

Randomness and spatial variability of structural properties 
are natural phenomena, which have a big influence on struc-
tural behaviour and should be taken into account in analysis 
of structures. For reinforced concrete members without 
stirrups, the tensile strength and fracture energy of concrete 
are very sensitive to the shear capacity. In the calculation 
model, the random fields of concrete properties are assumed 
to be homogeneous and isotropic. The correlation function 
presented in Eq. (1) is used for describing the fluctuation of 
concrete properties. 

( )
( ) 2

3
d p ,q

L

UU p ,q eρ
 

− ⋅ 
 =    (1) 

where d(p, q) is the distance between two considered points 
p and q; L is the correlation length. If L = 0 the properties 
are not correlated (ρUU (p, q) = 0) and when L tends to infin-
ity the correlation is perfect (ρUU (p, q) = 1). 

To generate the random values, all correlated random varia-
bles are converted to uncorrelated random variables using 
the eigenvector matrix, which is the result of the eigenvalue 
decomposition of the covariance matrix. For convenience in 
calculation, random variables are normalized with zero 
mean value. The covariance matrix CXX can be expressed 
through eigenvector matrix Ψ and eigenvalue matrix λ, see 
Eq. (2). 

{ } T
XX iC diagψ λ ψ= ⋅ ⋅    (2) 

The standard random variables X are calculated through 
uncorrelated random variables Y using following transfor-
mation: 

X Yψ= ⋅    (3) 

Here, the independent random variables Y have Gaussian 
distribution. The associated standard deviations are calcu-
lated from the eigenvalues, see Eq. (4). 

( )0i iY N ; λ∼    (4) 

In this study, the concrete properties Z are assumed to be 
lognormally distributed. Consequently, a transformation 
from a lognormal distribution to a standardised normal 
distribution can be done easily. 

Ngoc Linh Tran 
Carl-Alexander Graubner 
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2.3 Finite element modelling and analysis 

2.3.1 Concrete models 

The quality of the modelling and analysis of concrete behav-
iour mostly depends on concrete models. Among a number of 
concrete models supported in the nonlinear FE program 
ATENA, which is chosen for this study, the fracture-plastic 
constitutive model CC3DNonLinCementitious2 shows a high 
accuracy in shear analysis, which can reflect not only the 
load-bearing capacity but also the cracked concrete behaviour 
in detail [1]. This constitutive model was therefore selected 
for the stochastic simulation in this study. As input parame-
ters for this model, the main concrete properties were esti-
mated according to equations presented in Section 2.2.1. A 
value of 15 was used for the shear factor kS. For a detailed 
description of the concrete model it is referred to [6]. 

2.3.2 Finite element generation 

A typical 3-point beam test for a reinforced concrete beam 
without shear reinforcement was simulated using 4-node 
plane stress elements. In a general case, the element size 
was chosen as 1/20 times the depth of the beam. In the sup-
porting and loading areas, steel plates were used for load 
transfer in order to avoid local failures of the concrete under 
concentrated loads. Reinforcing bars were modelled as truss 
elements. The bond behaviour between concrete and rein-
forcement was modelled according to Model Code 1990 [7]. 
The loading was applied by an imposed displacement set-
ting on the loading plate in the middle of the beam. About 
200 load steps to the maximum load-bearing capacity of the 
beam were used. 

For an automatic generation of finite element models for the 
program ATENA 2D and for a visualisation of analysis 
results, a small pre- and post-processing program ANNA 
was developed. The two programs interact with each other 
via text files, whose format is defined in [6]. The program 
ANNA also generates stochastic values for material proper-
ties supporting random field modelling. This program con-
trols the program ATENA through threads. The computa-
tion time of the FE analyses with ATENA is dependent on 
the number of CPUs and the number of threads. Some finite 
element simulations can be carried out at the same time. 

2.3.3 Studied beams 

The shear test series carried out by Taylor [8] was chosen 
for the numerical simulation in this paper because the 
beams were tested to study the effects of concrete aggregate 
sizes and the member depth on the shear capacity, which are 
very important to the research on shear strength of rein-
forced concrete members without stirrups. A total of 15 
simply supported beams with a constant shear span-to-depth 
ratio a / d of 3.0 and a constant reinforcement ratio of 1.35 
were tested. Detailed information of geometries and materi-
al properties is presented in Tab. 1. 

Tab. 1  Experimental and calculated results for a test series of Taylor [8] 

Beam 
b 

mm 

d 

mm 

h 

mm 

fc 

N/mm2 

ag 

mm 

Vexp 

kN 

Vcal,det 

kN 

Vcal,RDF 

kN 

A1 

A2 

B1 

B2 

B3 

C1 

C2 

C3 

C4 

C5 

C6 

D1 

D2 

D3 

D4 

400 

400 

200 

200 

100 

100 

100 

100 

100 

100 

100 

60 

60 

60 

60 

930 
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465 

465 
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233 
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139 

139 

139 

139 

1000 

1000 

500 

500 

500 

250 

250 

250 

250 

250 

250 

150 

150 

150 

150 

28.7 

25.1 

24.2 

22.0 

28.4 

22.7 

22.7 

24.4 

18.5 

19.9 

25.6 

28.4 

28.4 

28.4 

28.4 

38 

19 

38 

19 

9 

19 

9 

9 

9 

9 

2 

2 

2 

2 

2 

358.4 

328.4 

104.3 

87.3 

85.3 

22.5 

24.0 

27.5 

22.5 

27.0 

27.5 

11.3 

12.1 

10.6 

11.4 

385.0 

354.3 

128.3 

117.4 

111.8 

38.1 

32.8 

33.1 

32.3 

33.2 

28.9 

11.8 

11.8 

11.8 

11.8 

341.6 

308.0 

114.9 

100.0 

91.8 

35.5 

29.8 

31.8 

30.3 

31.0 

24.7 

11.4 

11.4 

11.4 

11.4 

Values of the concrete tensile strength for the deterministic 
and stochastic analyses are presented in Tab. 2. Mean val-
ues fctm for deterministic analyses were calculated according 
to Eq. (5), while mean value fctm,RDF for stochastic analysis 
and the corresponding coefficients of variation δfct,RDF were 
determined by simulations with the main parameters pre-
sented in Section 2.2.2. The effective area of a finite ele-
ment required for determination of concrete properties is 
calculated as the width of beam multiplying with the ele-
ment height.  

3 Simulation results 

3.1 Deterministic analysis 

3.1.1 Recalculation of shear tests of Taylor [8] 

For modelling the reinforced concrete beams, which were 
tested by Taylor [8], the mean values of tensile strength and 
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Tab. 4  Influence of element size on the calculated result for beam A1 
 

Case nE fctm,RDF 

(N/mm2) 
δfct,RDF Vcal,RDF/Vcal,det δV 

1 

2 

3 

10 

20 

40 

2.300 

2.429 

2.687 

0.100 

0.179 

0.281 

0.987 

0.978 

0.976 

0.059 

0.043 

0.038 

4 Conclusions 

Probabilistic modelling and analysis of reinforced concrete 
members without stirrups under shear load considering the 
spatial variability of concrete properties were presented. In 
this study, concrete properties were modelled as random 
fields. The structural analysis was carried out using the 
stochastic analysis program ANNA coupled with the finite 
element program ATENA, in which a nonlinear material 
model for concrete was used. Some findings can be drawn 
as follows: 

1) Concrete properties show a small correlation length, 
which is in the same order as the maximum aggregate 
size. Therefore, for a stochastic finite element analysis 
of concrete members using a large enough element size 
they can be modelled as random values without taking 
into account the autocorrelation. The relation between 
mean values and scatter of concrete properties and the 
finite element size should be taken into account to obtain 
realistic results. 

2) According to stochastic simulation results, the mean value 
of shear strength calculated with a consideration of spatial 
variability of concrete properties is approx. 0.9 times the 
shear strength determined by a deterministic analysis. 
Concrete members show a coefficient of variation of 
shear strength of approx. 0.06 due to the spatial variability 
of concrete properties. The scatter of shear strength due to 
spatial variability of concrete properties seems to be inde-
pendent on the depth of concrete members. 

3) Taking concrete mechanical properties into account, the 
program ATENA with the fracture-plastic constitutive 
model CC3DNonLinCementitious2 reflects the shear be-
haviour of the studied reinforced concrete beams 
through deterministic and stochastic analyses well. 

In practice, the variability of concrete properties in struc-
tures is expected to be larger than that considered in this 
study due to the influences of casting methods and the im-
pact of environment. This should be taken into account in 
the further studies. In addition to this numerical analysis, an 
experimental approach for determining the scatter of shear 
strength of reinforced concrete members without stirrups 
due to material spatial variability is necessary. 
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